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Solutions to Selected Exercises for Chapter 9 of R. Gregory Taylor, Models of
Computation and Formal Languages (Oxford University Press: New York, 1998)
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Solutions to Exercises for § 9.1

9.13  (a) Language consisting of all and only the words over % containing exactly three occurrences of 1
(b) All binary strings of length 2 or more that begin and end with a 0
(c) All binary strings
(d) All binary strings of length at least 3 whose next-next-to-last bit is 0
(e) Let us describe the bit pairs 00 and 11 as like pairs; 01 and 10 are unlike pairs. Then this
language consists of an arbitrary sequence of like pairs, followed by a pair sequence containing an
even number of unlike pairs.

9.14.  (0L11213141516171819)*. (0111213141516171819)* is a regular expression that denotes the language in
question. (Literals involving scientific notation are not being included here.)

9.1.5  (a) (011)*0
(b) (011)*1
(c) (011)*000

9.1.6  (a) The language denoted is just the language containing all and only those words in which at least

one occurrence of b follows directly upon an occurrence of a. But this language is denoted by the
simpler expression (alb)*ab(alb)*.
(b) The language denoted is just the language containing all and only those words in which either
(1) at least one occurrence of b follows directly upon an occurrence of a or (2) at least one
occurrence of a follows directly upon an occurrence of b . But this language is denoted by the
simpler expression (alb)*((ab)l(ba))(alb)*.

9.1.7 (a) b*ab*ab*a(alb))*
(b) (alba)*
(©) ((alb)(alb))*
(d) ((alb)(alb))*(alb)
() ((alb)(alb)(alb))*

Solutions to Exercises for § 9.2

9.2.5. Only abbba and aa are accepted. The language accepted is denoted by regular expression ab*a.




9.2.6

9.2.7
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(b) Z*¥\{ab"In>0} with £Z={a,b}
(c) Proposition. Let finite-state automaton M=(Z,(),g;..,F,0y) be given. Let finite-state
automaton M'=(Z,0Q,qini,,O\F,8y). Then LM )=ZL(M).

Proof. Suppose that we L(M"). Then since M” is fully defined, there exists a path
labeled by w from g, to a nonaccepting state of M. That is, we L(M). Each step here is
reversible.

Q.E.D.

(a) {abwlweZ*} = L(ab(alb)¥*)

(b) This machine accepts that language consisting of all and only words w with n,(w)=n,(w) and

such that any prefix of w contains at most one more a than b or at most one more b than a.

(a) The language accepted is denoted by regular expression b*ab(ab)*.
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(b)

9.2.11. L(M) is Z*.

Solutions to Exercises for § 9.4

9.4.2. Our argument is indirect. So we start by assuming that

L={a"| n is a perfect square }={a',a* a’ a'%,...}

is FSA-acceptable. Let M be a finite-state machine that accepts L. Since L is, by hypothesis, FSA-
acceptable and since L is plainly infinite, the Pumping Lemma applies and tells us that there exist words u,
w, v with w#¢ such that

0 1 2
uw'v, uw'y, uwy, uwsv,

are all in L so that
2
Iuwovl, Luw'vl,  luw v, luwyl, ...

must all be perfect squares. Note that wotds u, w, gnd v must|consist of as only. Letting n=lul+h| and
letting m=Iwl0, we see that natural number.

n, n+m, n+2m, n+3m, ...

must all be perfect squares. But this contradicts Theorem 0.8. We conclude that L is not FSA-acceptable
after all. Q.E.D.

94.4  (a) No contradiction results if we take w in the statement of Lemma 9.2 to consist of as only. In
other words, the Pumping Lemma, although applicable to L, does not produce a contradiction in
this particular case.

(b) The answer is, of course, no. Language L is FSA-acceptable. But we see this as the result of
presenting an accepting finite-state automaton or as the result of some other positive argument. In
general, p does not follow from having failed to prove —p. Along the same lines, bear in mind that
the Pumping Lemma is useful in obtaining negative results only.




Solutions to Exercises for § 9.5

9.54.

9.5.5.

The construction requires adding an a-arc from accepting state g, to state g;. However, such an arc already
exists in M’s state diagram.

Solutions to Exercises for § 9.6

9.6.1.
wlys =D
ML8,5 =0
ML(]),5= L(ab)

uLs = L(ablaab)

uld s = L(ablaablbab)

wulo s = L(ablaablbablbba*blbaa*b)

ulds = L{(ablaablbablbba*bibaa*b)(alb)*]

9.6.2. By Theorem 9.5, {a"b"In>0} is not FSA-acceptable. By Theorem 9.12, it is not regular either.




9.6.3. This line of reasoning would be circular in that our proof of Theorem 9.12 appealed to closure
results for the family of FSA-acceptable languages.

9.8.3

9.8.4

9.8.5

9.8.7

Solutions to Exercises for § 9.8

(a) G’s nonterminals are S, S,
(b) {a"b*c*In>0)
Word ¢is generated.

(a) Word ¢is not generated. In fact, G generates language &.

(b) If G is a generative grammar every production right-hand side of which contains at least one
nonterminal, then L(G) will be empty.

(a) G generates the language denoted by regular expression ((aa)*b*)*. Word £is not generated.
(b) Grammar G generates £ only if G contains empty production(s). Note that this is a necessary
but not a sufficient condition of generation of &
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S = XYZ

= IXWZ
= IXYIZ
= 10XU1Z
= 10X1UZ
= 10X1Y0Z
= 10XY10Z
= 1010Z
= 1010

= XY7Z

= IXWZ
= IXYIZ
= 11XW1Z
= 1IXIWZ
= 11X1YIZ
= 11XY11Z
= 1111Z
= 1111

= XYZ

= 0XUZ

= 0XY0Z
= 01XW0Z
= 0IX0WZ
= 0IX0Y1Z
= 0IXY01Z
= 0101Z
= 0101

and C. Its terminals are a, b, and c. G has six productions.




() S =XYZ
= 0XUZ
= 0XY0Z
= 00XUOZ
= 00X0UZ
= 00X0Y0Z
= 00XY00Z
= 0000Z
= 0000

Solutions to Exercises for § 9.9

992 (a) S X,
o > aX,1bX,l
— aX, bX,,
— aX, |bX,|
= aX, [bX,
- aX, JbX,|

— aX,|bX,.
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(b) Path P is given by the node sequence qog:744:q4¢3qs. Derivation D appears below.

S =X,
= bX,,

= baX,,

= babX,,

= babaX,,

= bababX,,

= bababaX,,

= bababa
The path corresponds exactly to the (subscripts of) the nonterminals appearing on the right in

successive lines of the derivation.

Solutions to Exercises for § 9.10

9.10.1 (a) Writing “®” for (AIBICIDIFIGI...IX1Y1Z), we have ®*ad*e®*id*od*ud*
(b) A*B*C*D*. X*Y*Z*

9.10.2. /%((AIBICL...Zlal...IZI0I1\... 19181 &L...1%|/)*(*(A1BIC... Z1al...1Z)0V 1... 9181 &1... 1 %6)) * (“s/7) ) * %/

9.104 (a) (al(ba))*(bl(ab))*
(b) (éalba)((bb*b)i(aa*a))*(elblalablabb) {Tony Mendoza suggests b*((abb*la)*(ble) as an
alternative.)

9.10.5 (a) The language consisting of all and only words such that any odd-length sequence of bs
precedes any odd-length sequence of as




o MR o B

(b) The language consisting of all and only words containing no occurrence of three consecutive
bs

(c) The language of all and only those words w such that both ny(w) and ny(w) are even

9.10.8 (@)

(e)

This machine is instructive to the extent that it can be used to illustrate a remark that we
made in introducing finite-state automata. (The point we are about to make could be
made using the machines of (a)-(d) as well.) Namely, there can be no finite-state
automaton that accepts the language L consisting of all and only those words w over
2={a,b} such that the difference n (w)-n,(w) is 20, say. Intuitively, this is because an
infinite amount of storage would be required, although the Pumping Lemma can be used
to prove that L is not FSA-acceptable. (How?) (Language L would be Turing-acceptable,
of course, because the unbounded quantity of storage required to carry out the needed
computation for input words w of arbitrary length is available in the case of Turing
machines.) However, what a finite-state automaton can do is keep track, not of the
absolute difference between n,w) and n,(w) but, rather, of whether that difference
modulo 3 is 0, 1, or 2. This more limited task requires only finite storage. See also
Exercise 9.10.26.
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9.10.9.

9.10.15

9.10.17

(a) This is a regular language denoted by regular expression (aa)*.

(b) This is not a regular language; use the Puraping Lemma (Lemma 9.2).

(c) This is a regular language: it is the complement of the language denoted by (alb)*(bbb)(alb)*.
(d) This is a regular language: it is the union of (i) the language denoted by (alb)*(bbb)(alb)* and
(ii) the complement of the language denoted by (alb)*(aa)(alb)*.

(e) This is not a regular language: if it were regular, then L@*b*)N{win,(w)=ny(w) }={a"b"In>0}
would be regular and, by Theorem 9.12, FSA-acceptable as well, contradicting Theorem 9.5.

(a) Since lwi>n, we see that the unique path P labeled by w in M’s state diagram visits n+1 or more
states. So at least one state is visited twice in P, which means that P must contain a closed path P;.
Suppose that P; is labeled by nonempty word w1 so th lat w is of the form uw,v for (possibly empty)
words u and v. Then uwdv=uv, uwiv=uw,v, uwiv, uwiv, and so on, are all in L(M).

(b) By L(M) infinite, we have that there is no upper bound on the length of words in L(M). So
there must be words w with Iwl>2n. Let wy be a shortest word w with wl>2n. Let P be the unique
path labeled by wy in M’s state diagram. Since M has but n states and since P visits at least 2n+1
states, there exists a closed path P; within P labeled by nonempty word w; so that wy is of the form
uwyv for (possibly empty) words u and v. Further, by Corollary 0.1 of § 0.7, we can assume
without loss of generality that P, is a cycle and hence that lwjl<n. Clearly, uv is also in L(M).
Supposing that luvi>2n contradicts the definition of v/ as a word w of shortest length with lwi>2n,
since luvi<iwgl. So luvl<2n. But since uv is the result of removing w; with lwl<n from wg, we have
that luvl>n as well.

(c) Let n be the number of states in finite-state autornaton M and let = be M’s alphabet. We first
enumerate all words Iwl over T with n<iwl<2n. This list is of finite length. For each word w on the
list, check to see whether M accepts w. If one of them is accepted, then we may stop and conclude
by (a) that L(M) is infinite. On the other hand, if M accepts no word on the list, then by (the
contrapositive of) (b), we may conclude that L(M) is finite.

9.10.19 (a) Suppose that L=L, is defined by regular expression r. We use induction on the complexity of

r.
Base case.
(i) Suppose r is &, in which case L=L, is the empty language. Then L®=L and is hence
regular.
(ii) Suppose that ris ¢, in which case L=L, is unit language {£}. Then again L*=L and is
hence regular.
(ili) Suppose that r is a, in which case L is unit language {a}. Then L?={a} and is hence
regular by Definition 9.1(iii). (The case where ris b is similar.)
Inductive case.

(1v)(a) Suppose that r is (slt), in which case L=L, is L{UL,. By induction hypothes1s both
LY and LR are regular. But then, by Theorem 9.1, so is their union, which is just L®.




9.10.20.
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(iv)(b) Suppose that r is (s.z), in which case L=L, is L,.L,. By induction hypothesis both
Lf and L? are regular. But then, by Theorem 9.1, so is their concatenation LF..L?, which
is just LX. A

(iv)(c) Suppose that ris (s*), in which case L=L, is (L,)*. By induction hypothesis LY is
regular. But then, by Theorem 9.1, so is its Kleene closure (Lf)*:[(Lx)*]R:LR. Q.E.D.

(b) Suppose that L=L, is defined by regular expression ». We use induction on the complexity of r.
Base case.

(1) Suppose r is &, in which case L:=L, is the empty language. Then L™'=L and is hence
regular.
(i) Suppose that r is &, in which case L=L, is unit language {€}. Then again L-'=L and is
hence regular.
(iii)) Suppose that r is a, in which case L is unit language {a}. Then L"l={b} and is hence
regular by Definition 9.1(iii). (The case where ris b is similar.)

Inductive case.
(iv)(a) Suppose that r is (slt), in which case L is L,UL,. By induction hypothesis both
L, and L'are regular. But then, by Theorem 9.1, so is their union, which is just L.
(iv)(b) Suppose that r is (s.z), in which case L is L,.L, By induction hypothesis both L'
and L;' are regular. But then, by Theorem 9.1, so is their concatenation L;'.L;', which is
just L.
(iv)(c) Suppose that r is (s*), in which case L=L, is (L,)*. By induction hypothesis L;! is
regular. But then, by Theorem 9.1, so is its Kleene closure (L_;l)*=[(L:)*]'1=L'1‘ Q.E.D.

By assumption, L is regular. By Exercise 9.10.19(a), so is L¥. But then by Theorems 9.9, 9.12,

and 9.13, so is LALR=L",

9.10.21.

Let G be a left-linear grammar. Let G be the right-linear grammar formed from G by reversing

the right-hand side of every production of G. Clearly, L(G") is [L(G)]®. Moreover, L(G)=[L(G)]} is
regular by Theorem 9.15, from which it follows, by Exercise 9.10.19(a), that [[L(G)]R]R:L(G) is regular as

well.

9.10.22.

By Exercise 9.10.19(a), language L® is regular. It follows from Theorem 9.16 that L® is

generated by a right-linear grammar G. Reversing all production right-hand sides, one obtains a
left-linear grammar G® generating (L®)R=L.

9.10.23

9.10.25

(b) Typically, the class of identifiers of a given programming language is defined by first
characterizing some super-class § of alphanumeric strings, beginning with a letter, and
perhaps permitting certain special characters in certain positions. One then excludes
some finite collection R of reserved words. But both S and R will be regular languages.
Hence, by closure under set difference, so is the class of identifiers S\R.

(a) If we agree that the processing of one input symbol amounts to one “step” in M’s computation,
it follows that M computes in linear time, i.e., in time O(n) for n the length of input.

(b) If execution of &-moves are assumed to be instantaneous, requiring no time, then the time
analysis is again O(n) trivially. On the other hand, if we decide to charge for &moves as well, then
the analysis is somewhat trickier although instructive. It is still true that M computes in time Q(n)
since M must read in its entire input. However, we should like to say more.

Analogous to our convention with respect to nondeterministic Turing machines, let us
agree that the cost of M’s computation for accepted word w will be the minimum length of any
path labeled by w from start state gy to some accepting state. If w is not accepted, then we shall
use the minimum over all paths labeled by w. Next, timey(n) will be the maximum cost of M’s
computation for any input word of length n. (Thus time,(n), in the nondeterministic case, exhibits
the familiar “maxmin” character. See




§2.6)
Further, we note the following.

(1) M has only a fixed finite number of states and, hence, its transition diagram can have
only a fixed finite number N of arcs labeled by £ Moreover, N is O(1), ie.,
independent of input length .

(2) Itis possible that the state diagram of M contains cycles each arc of which is labeled
by £ However, any finite path P labeled by input word w and containing such cycles
may be replaced by another shorter path P’ that is labeled by w and that lacks such
cycles. (Since full definition implies that, for every input word w, there exists some
finite path labeled by w, we can, by maxmin, ignore infinite paths as irrelevant.)

(3) Having eliminated all ¢&labeled cycles, we can see by (1) that, within any remaining
finite path labeled by w, no &-labeled subpath can be of length greater than .

From the foregoing, it should now be evident that any path labeled by w may be assumed to
contain at most n—1 &-labeled subpaths, each of length O(1). The length of this path itself is hence
O(n). Consequently, the minimum length of all such paths is O(n). Also, the maximum, taken
over all input words of length 7, of these minimum lengths will also be O(n). That is, timey(n) is
O(n) even in the nondeterministic case.

(c) If we consider a finite-state automaton to possess an input buffer, then it is reasonable to take
length of input itself as the space requirement of that machine. On this view, every machine would
compute in linear space. That is no doubt the most reasonable point of view. But, in this
connection, we mention the following. As noted in Exercise 9.10.12(a), it is straightforward to
transform any deterministic finite-state automaton into a single-tape Turing machine that accepts
the very same language. The same holds true of any nondeterministic finite-state automata.
Further, it is not much harder to transform such finite-state automata into two-tape, off-line Turing
machines. Moreover, since the latter have no workiapes, they compute in O(0) space. We may
conclude that any regular language is accepted by an off-line Turing machine that requires O(0)
space.

(d) We have suggested one way of thinking about time and two different ways of thinking about
the space requirements of finite-state automatz. These interpretations of time and space are, in and
of themselves, quite reasonable. On the other hand, it is also obvious that, no matter how we do
things, time and space will not enable us to make any distinctions within the class of finite-state
automata (or within the class of regular languages) since they will all of them have precisely the
same time requirements and precisely the sare space requirements. Consequently, from within
the theory of regular languages itself, such analyses are entirely pointless. On the other hand, from
within the theory of Turing-acceptable languages, it is not uninteresting to note that every regular
language is acceptable in linear time and O(0) space.

9.10.26. Suppose that language L is accepted by multitape Turing machine M in space O(1). By Exercise
2.3.19 we may assume without loss of generality that M consists of read-only input tape and write-only
output tape and nothing more. It follows that the sort of processing of its input word of which M is now
capable may be carried out by a finite-state machine processing its input from left to right one character at a
time. It follows that L is regular.
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