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Solutions to Exercises for § 1.1

1.1.4. Direct apprehension is suggested l$y the speed with which the brothers classify numbers—as either
prime or composite apparently. Given our own slowness in carrying out the familiar algorithm for deciding
whether a given number is prime, we want to say that the brothers simply see that a given natural number
has one or the other property. On the other hand, the fact that classification of a 13-digit number, although
yet fast, takes them considerably longer than classification of a 10-digit number, say, suggests computation
involving some algorithm. But what could that algorithm be, given that the brothers seem to possess no
concept of division?

One attempt at an explanation would involve positing, in the case of the twins, some unusual,
highly specific neural representation of number that would be especially advantageous for discerning
primality—and apparently not much else. Then the brothers’ activity could be regarded as “symbolic”
manipulation of these representations in the usual way. This view is not unappealing. The only real
alternative, it seems, is to hold that the brothers are engaged in some activity that is “half perception”
(intuition) and “half computation.” But this would, in effect, amount to saying that, given our current
battery of concepts, we have absolutely no hope of explaining what it is that the brothers are doing and how
they are doing it.

1.5 (a) Suppose that f(n) is some unary, computable, number-theoretic function and that f(3)=1, say.
Then f may be regarded as transforming string 711, or the like, into string /171111. In other
words, function computation may be construed as a special case of transduction.

As for language recognition, recall that recognition of language L is describable as computation
of characteristic function e of the set Codes(L) of codes of words in L. But we just saw that
computation of such a function is, in turn, describable as an instance of transduction.

(b) Suppose that some computaiion involves transforming an arbitrary input word w over some

alphabet into its reversal w®, say. Assigning symbol codes, we may redescribe this in terms of
function computation by considering the unary number-theoretic function fdefined by

— ~ R
AW I=wr W
where we are writing “w 'and “wR" for the induced encodings of w and w®, respectively.
As for the language recognition paradigm, note that any computation transforming arbitrary
input w into w® is describable as recognition of that language consisting of all and only those
strings of the form

win®

at least under certain reasonable assumptions.




Solu&ions to Exercises for § 1.2

1.2.2  (a) Here is one machine that works:

a:L
B:a a:R — B:b b:R B:a a:R B:b
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But a machine with fewer states is possible:
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(b) A minimum of length(ababbaab)=8 states is required.

Soluﬁom to Exercises for § 1.3

1.3.2.

1.3.3. A solution to this exercise can be found by clicking twice on the icon labeled Convert-to-Unary
within the Turing group. Our Turing machine M reads and erases the input string B(n), one digit at a time
starting from the left. M constructs the unary representation of B(r) to the right of B(n) and separated from
B(n) by one or more blanks. Each of (1) and (2) of the hint suggest an easy modification of the Copying
Machine of Figure 1.3.3: M reads the current unary representation and writes exactly two Is for each /
read.

Solutions to Exercises for § 1.4



1.4.3

144

1.4.7

)

(a) Starting on the left, the Turmg machine whose state diagram appears below deletes 0 or more
bs, then a single g, then 0 or more bs after which it writes a single 7 and halts.

a.El : B:R

B:1

(c) The Turing machine whose state diagram appears below deletes a single a on the far left and
then a single a on the far right before returning to the left. This cycle is repeated, if possible, until
there are no more as on the left, at which point Turing machine deletes a single b, writes a /, and
then halts,

erase an a
on the left

erase an a
on the right

(a) Compare the solution to Exergise 1.4.3(c). Turing machine M deletes a single a on the far left
and then a two as on the far right before returning to the left. This cycle is repeated, if possible,
until there are no more as on the left, at which point M deletes a single b, writes a I, and then halts.

(b) Compare the solutions to Exercises 1.4.3(c) and (a). Turing machine M deletes a single a on
the far left and then a pair ab on the far right before returning to the left. (By deletion of a pair ab
we, of course, mean deleting a single @, then moving to the right one square and deleting a single
b.) This cycle is repeated, if possible, until there are no more as on the left, at which point M
deletes a single b, writes a 1, and rhen halts.

(a) Suppose that Turing machine M recognizes L. By replacing every occurrence of I by 0 and
vice versa within the arc labels of the state diagram of M, one cbtains the state diagram of a new
deterministic machine M~ that recognizes not L but, rather, L°. So L® is also Turing-recognizable.
Essentially the same argument caﬂ be used to show that if L* is Turing-recognizable, then so is L.

(b) Suppose that Turing machme M recognizes L. Then M itself also accepts L, so that L is
Turing-acceptable. By (a), L is 'ITurmg -recognizable since L is. So L° is also Turing-acceptable.
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Solutions to Exercises for § 1.5

1.5.2 The solution to Exercise 1.3.2 ﬁalls to recognize that one of the Is on the tape initially is
representational. We remove it by adding two new states, g and qo~ , together with two instructions

& qu 91)2(3’ qo” )
& go~ ,B)=(R.q0)

qv , rather than gy, is the start state of the new machine.

153 (@)

1 B:FI‘

155  (a) If M writes the required six Is from right to left, then only six states are necessary. (Seven
states are required if the Is are written from left to right since the read/write head must halt
scanning the leftmost 7.)

(b) Minimum: m+1 states
Solutions to Exercises for § 1.6

1.6.2(e) Very roughly, M might do the fo]ﬂowm ig. In workspace off to the right, M produces in succession
the powers of 2 beginning with 2°%1 and continuing 2, 4, 8, 16, 32, .... Producing each member of
this sequence after the first is a matter of doubling its predecessor in the sequence. Each power of
2 produced is used to erase an equal number of /s from (what remains of) the initially given
representation of argument n. Wijth each doubling on the right, M increments a “counter” on the
left. This process of doublingerasing-incrementing continues until M “recognizes” that the
number of /s remaining is fewer than the current power of 2. At this point, the counter on the right
is, in essence, a representation of Llogan

Soluﬁons to Exercises for § 1.7

1.7.1 (a) timey(n)is O(n2).
(b) spacey(n) is O(n).

1.7.2. Suppose that M is started scanning [word w=aaba. Thus the initial tape configuration is
! Haaba
After entering state gy, M’s reading head is now positioned at the end of w:

i aabgia




Since an a is currently being read, the machine proceeds through state g, to state gz and back to
state g; and, in the process, replaces this a with an asterisk and writes an a off to the right before
resetting: aaq,b*Ba. Three morﬁj cycles around the loop from g; and back produce the
configurations aga**Bab, q;a *»:L*Baba, and q,B*#**Babaa, respectively. Now the machine has
only to erase the four asterisks (states gy, g10, and gn1) and position its read/write head over the
leftmost symbol of w*. ;

We give a time analysis of the reversal algorithm here. Again, we let n be the length of
the input word w. We note the following:

(1) Arriving in state g for the first time requires n+1 steps.

(2) The loop from state g, through gg and back causes one character of w to be replaced
by an asterisk and then to be copied on the right. Thus the machine traverses the loop
from state q; and back—either via state g, or state gs—exactly n times. Moreover, while
the number of steps involved in traversing this loop will vary depending upon the position
of the character currently under consideration, we can easily give an upper bound on this
number. First, notice that the number of steps increases as the processed character moves
to the front of w. Thus the greatest number of steps will occur when the character being
copied is the very first cf}aracter of w. If the character being copied is an g, then the
number of steps around the loop is summarized in the following table.

Number of steps Action
2 replace a with * and then
| move one square to the
right (states g; to g,4)
n-1 move over the n-1
asterisks written
previously (g,)
| move past the separation
blank (g, to gg)
n-1 move over the n-1
characters of w copied
previously (ge)
1 write an a (g to gg)
n move to the left over w®
(g8)
1 move past separation blank
(gs to q1)
n move to the left over n
asterisks
4n+3 Total

(3) Removing each asterisk (state gy and back) requires two steps and this must be done n
times. Thus the number pf steps required after leaving state g; for the last time is
1+2n+1.

This gives timey(n) = (n+1) + n-(4n+3) + (142n+1) = 4n* + 6n + 3. Apparently timey(n) <5n° for
sufficiently large n. Hence timey (n) is O(n?).

(b) spaceu(n) is O(n).

1.7.3. Suppose that M computes in time O(f{n)) with f{in)21. Even if M’s every move consisted of a move
right, say, it could visit no more than O(f(n)) tape squares in O(f{n)) time. It follows that M requires at most




O(f(n)) space. We need the assumption that fn)=1 since spacey(n)=1 generally, as was pointed out in the
text (see the discussion following Definition 1.9).

|
1.7.4. Assume that M starts scanning the‘lcftmost 1 in the representation of some natural number n. Then
M executes exactly two steps no matter ¢vhat n happens to be. Hence the number of computation steps

executed depends in no way upon n, whiﬁ:h is just what one expresses by saying that M computes in time

o(1). |

Solution§ to Selected Exercises for § 1.8
1.8.2.  (d) Turing machine M; computes the unary constant-1 function C{. Thus, j(n):C}(n).
(e) Turing machine M, computes| the number-theoretic function defined by

[ 0 ifn=0
fimy= A

j n--1 otherwise

\
This function is frequently referreh to as pred(n).

1.8.3.  One machine that works is deﬂner completely by writing

% &LIO,B)=(1,¢]1)
This is one of many possible answers. Tﬂle important thing is that, if the machine starts scanning a blank
(which means that the “input” word is the empty word), then it writes a / and halts. On the other hand,
consider a machine that reads a single character—either an a or a b—overwrites it with a / and then halts.
Such a machine accepts the two words a alid b and, hence, is not a solution.
1.8.7  (a) number-theoretic
(b) language
13 !
(¢) aba and ababa ‘
d) o) ‘

tape Turing machines M and M,, in O(pAn)) steps and in O(p,(n)) steps, respectively, where prand p, are
polynomials in n. We describe a new single-tape Turing machine M* that computes function fog in
|
polynomial time. First, M* simulates MQ on input n. By assumption, this simulation requires O(pg(n))
computation steps. The result is value g(n), which must itself be O(pg(n)). (Why?) M* next simulates M;
on g(n) so as to obtain fg(n))=fog(n) in Q(pApy(n))) steps. But p{p,(n)) is a polynomial in n since both
pAn) and p,(n) are. So M* computes fog in O(p,(n)) steps plus O(pAp(n))) steps. Hence fog is polynomial-
time Turing-computable. ‘
Note that we have used the fact that the coefficient of the highest-degree term of p; must be
positive, so that pyitself will be monotone increasing. Further, by Exercise 0.5.13, we may assume that

1.8.10. Suppose that f and g are two una%y, total number-theoretic functions that are computed by single-

8(n) < pg(n)

for sufficiently large n. Similarly, we may assume that M*’s simulation of M;on g(n) takes no more than
pAg(n)) steps. It then follows that, for sufficiently large n, we also have

timeys(n) < p(n) + pAg(n))




< po(n) + pApg(n))




