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Solutions to Exercises for § 0.1

0.1.1  (a) (=) Suppose that xe (ANBJ°. It follows that x¢ (AnB). This can be for one of only three
reasons.

(a) xe A but x& B.
(b) xe B but xg A.
(c) x¢ A and x¢ B.

If (a) holds, then xe B* so that xe A°UB® as well. Similarly, if (b) holds, then xe A® so that, again,
x€ A°UB° as well. Finally, if (c) holds, then xe A® and xe B. Again, this implies that xe A°UB°,
In other words, each of (a), (b), and (c) leads us to conclude that xe ASUB°. Thus we have shown

that (ANB)*’cA°UB°.
(&) Suppose that xe A“UB°. Then, by the definition of U, there are three possibilities.

(a) xc A® but xe B°.
(b) xe B but xe A°.
(a) xe A° and xe B,

Now if (a) holds, then xg A sp that x¢ ANB. But then xe (ANB)°. Similarly, if (b) holds, then
x¢ B so that xg ANB. But, again, we have xe (ANB)°. Finally, if (c) holds, then x¢ A and x¢ B, so a
fortiori x¢ ANB, which implies that xe (ANB)°. In other words, each of the three possibilities
(a), (b), and (c) leads us to conclude that xe (AnF)°. Thus we have shown that
A“UB‘c(ANB)°.
By the Principle of Extensionality, (=) and (<) together may be taken to show that (ANB)°
=A°UB°. Q.E.D.

0.1.5. We have i1=3, i2=5, i3;=1, i4=2, and i5=4_

Solutions to Exercises for § 0.2
0.2.1. (a) b,bc,abb,cabc,ccch
(b) ga,b,ab,ba
(c) aaaa,abab,baba,caab,bbba
(d) oooo,efof,Bafo,ccof,fBBa
(e) aab,aaab,aaaaabaaaaaaab
(f) the languages of (a) and (b) only

022. (a)oco
(b) 81
(©) =
(d) 26°=676

0.2.3. (a) aba is a member of Ij, X,, and X3, and has length 3 in each case.
(b) bAb is a member of ; only and has length 2.




0.2.4.

0.2.5.

0.2.6.

0.2.7.

0.2.8.

0.3.1

0.3.2

033

0.3.5

04.1

(¢) cba is a member of X only and has length 3.

(d) cab is a member of X7 of length 3 and a member of X, of length 2.
(e) caab is a member of X, of length 4 and a member of 35 of length 3.
(f) baAb is a member of T of length 3.

add, dad, cab, cad, dab

All are in Z* except the third word, baaaaabaaaab.

w has n+1 prefixes, n+1 suffixes, and n proper prefixes.

There are just two: abab and baba.

(a) abbab
(b) ba

(c) babba
(d) abbab

Solutions to Exercises for § 0.3

(b) logzxy = 10g2 (2 lega x| 2l0g2 y)

log (? loga x+loggy ¥ )
24

logyx + logyy

(a) g(100)=4 and g(109)=11.
(b) g will attain its maximal value
(c) h(100)=6 and h(109)=12.
(d) h will attain its maximal value

(a) Function f{n) is surjective but
(b) Function g(n) is injective but
(c) Function h(w) is neither inject
(d) Function f{n) is both injective

(@ 3
(b) 4
©0
@3
(e) 3
(f) p(n) is not total since it is und

Solut
(@)
function fib(n:integer):in|
begin
if (n=0

by Remark 0.3.3

by Remark 0.3.4

of 13 when n is 13 or 27 or 41 and so on.

not injective and hence not bijective.

not surjective and hence not bijective.

ive nor surjective and hence is not bijective.
and surjective and hence bijective.

efined for n=1.
tions to Exercises for § 0.4
teger; {Pascal}

or n=1)
then fib:=1

else fih:=fib(n—2)+fib(n—1)

end;

of 24 when nis 167. h(83) will also be maximal.




0.5.1

052

0.5.3. Only (c) is O(1).

0.5.4. A function fis O(0) if and only if fi
is O(0) if and only if f vanishes for all but a finite number of arguments.

0.5.5

(b)

function fib(n:integer):integer;
var vall, val2, temp,i:integer;

begin
if (n=Q
else be
end
end; {fib}

Solutions to Exercises for § 0.5

(a) strictly monotone increasing
(b) not monotone increasing

(c) strictly monotone increasing
(d) monotone increasing but not g
(e) not monotone increasing

(f) monotone increasing but not strictly

(a) The addition function is strict

(b) The multiplication function is monotone, but not strictly, in both its first and second arguments
since, form<k,m-0=k-0 and 0-m=0}
(c) Subtraction over the integers is strictly monotone in its first argument but is not monotone in
its second argument.

(d) j(n,m) = n div m is monotone
(e) k(n,m)=n mod m is monoton

(f) fin,m)=n" is monotone, but not strictly, in both its first and second arguments. (Note that 5° =
6°=1andthat 1°=1'=1))

(a) That fin) is O(g(n)) means that there exist natural number n; and constant C; such that for n>n,

we have

Similarly, that g(n) is O(h(n)) means that there exist natural number n, and constant C, such that

for n=n, we have

{Pascal}

or n=1)
then fib:=1

gin

1=1;

vall:=1;

val2:=1;

while n<>i do begin
temp:=val2;
val2:=vall+val2;
vall:=temp;
I=i+1

end; {while}

fib:=val2

trictly

y monotone in both its first and second arguments.

k.

in its first argument but not in its second.
e neither in its first argument nor in its second.

s constantly O for sufficiently large arguments n. Equivalently, f

fin) < Crgn)

g(n) £ Cy hn)
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0.5.7

0.5.9

0.5.10

Then for n2max(n,,n,), we have
) < Cr-g(m)<Cy- Cy h(n)

Letting C=C;- C,, we have f{n)< ‘- h(n) for sufficiently large n. That is, f(n) is O(h(n)).

(b) By hypothesis, we have, for some constant C, that {n)<C-g(n) for sufficiently large n. But

then cfin)<c-C-g(n) for sufficiently large n and so, setting Cy=c-C, we have ¢ fin)< Cy-g(n) for

sufficiently large n. By Definition 0.1, this means that function ¢ An) is O(g(n)).

(¢) By hypothesis, we have, for some constants Cj, ny, C,, and ny, that {n)<Cyh(n) for n2n;and
8(m)<Cyh(n) for n2n,. So, letting ny=max(ngng) and C=C,+ C,, we can write

" fn)+ g(n) < Crh(n) + Cyh(n) for n2n,
: [Cr+ Cp] - h(n) for n2ny
: C- h(n) for n2ng

which is to say that function f{n) + g(n) is O(h(n).

(a) For cases n=1, n=2, n=3, we have 2" taking values /—| IEVnything else cancels. ]
1,2, and 4, respectively. For n>4, {

H=2-2.4. .nl _n
There are n—1 factors on the right|here and each is < 2. So n<2"".

(b) By (a), we have that n<2"" far all n>0. It follows that log;n<log,2" '=n—1 for all n>0. Now
let x be an arbitrary real number > 0 and let n, be the least natural number that strictly exceeds x.
Then n, is a natural number > 0 and n,~1<x<n,. So by the preceding remark, we have that log,n,<
n,—1. Putting this all together, we have

agx < logon, £ n~1<x

—

(a) For n>0 we have
n!=n(n-1)...-32-1

But each of the n factors here is <n. So we see that the right-hand side here is < n". That is, for
n>0, nl<n" and hence n! is O(n™).

(b) By (d) of the text, we have that log, n< 2\/; for sufficiently large . It follows immediately

that n-log, n<n- 3n for sufficie ntly large n.

(a) n!
(b) n'
© n"
@ o
e) n*
(® Llogyn]
(g n*
M) 1

(a) Polynomial function p(n) is given as




0.5.11.

k
ain

k-2

+ QN "+

an o+ an' + agn®

where the coefficients are taken to be integers. In general, some of the coefficients other
than @, may be strictly negative and even exceed a; in magnitude. But plainly, letting
a=lad+a,+.. . +Hajl+ay), we can|nonetheless write

p(n) < ladnt +IaL_1|nk +.. +agln® +a,ln*

=a*nf ;

for all n21. Consequently, p(n) iJ

seen to be O(n).

We must also see that p(h) is Q(n*) even though n* may in fact exceed p(n) for
almost all n—the (possibly) negative coefficients again. To this end, we set

from which it follows that

NF= (2-(lagih+. . .+l HHagl))*
= 2% (lggei . . . HagHagl)
= (2" 2%(lag_g b+ . Hlag+Hagl)*
< (@ 2-25(lagyl+. . +Hlagl+lag
= 2(a 22 NY(lag1 1+ . . +lay 1 +la

= 2@ 2X(lag+. . . +lay Hlagl* =241

= 2(a 2 (lap . . . +lag +lagh* —(1
= 2-{ae[2-(lapeyl+. . HayHagh)1*
—lail[2-(lag_+.. AHaK
2-{a2-(lggi+. .. Hag +lagh ¥
+ a1[2-(la..+. . . +la+
2-pQ2(ag1 . . . +lag+Hagl))
=2-p(N)

IA

Further, since the k™-degree term
Thus n* is O(p(n)), from which it

N = 2-(lagy|+. . . +Hay +lagh)

by 251 = 2542* for k>1
) by a1

hE
(Iag_y+.. . +Hay +agh®)

Qi+ HagHagh) 2 a1+ . +lagHaghs ™
- la|[2-(lagy . . +Hay - +Hagh 16!

Flagh))! — laol[2-(lag-il+. . +Hay+lagh ")

+ @iy [2-(lagg . . +lagHagh ! +

ao)]' + ag[2-(lag11+. .. +HaiHagh)°)

of p(n) dominates, we have that n* < 2-p(n) for n2N.
follows that p(n) is Q(n").

(b) We have n*<n*™*' for n20, from which it follows that n®is O(#**'). By transitivity and

(), p(n)is O(**') as well. We a

sake of deriving a contradiction, that p(n) is indeed Q(n
O(p(n)). By (a) and transitivity again, n**

so must show that p(n) is not Q(r**!

k+1

). Suppose, for the
). By definition, we have n**! is

'is O(n*). That is, for some constants C and ng,

(*) < cnt

for n=ny. But letting N be the larger of C+1 and ny, we have Nng and yet N '=N-N*

>C-Nt contradicting (*).

(c) By (a), p(n) is O(n%). By Theprem 0.1(c), g(n)=n* is O(2") so that, by transitivity,
p(n) is O(2") as well. This is half of what was to be proved. As for the other half,
suppose for the sake of provmg a contradiction that h(n)=2" were O(p(n)). Then, by
transitivity, A(n)=2" is O(n") by (a) again. By Theorem 0.1(c), i(n)=n*"" is O(2") so that,
by transitivity, imy=n**is owh, ontradlctmg (b).

For all real x>0 we have that

logiox = log,, 2"~

by ]#emark 033




logyx - logyo2
log;o2 - logyx

From this it follows that, for all natural numbers n>1, we have [_loglon,_] < r]og102]-rlog2n_|. But
|-10g102-|=1 is a natural number constant so that, by Definition 0).5, function fin)d logion | is
O(|—log2n_|). Similarly, we have log,x = (l/hong)- logox for all real x>0 so that, for all natural
numbers n>1, rlogzn] <[ 1/10g102_] . rlogl 1. But, once again, |-1/log102-|=4 is a natural number
constant so that function f(n)=|_ l«ogzn-] is (a(r logmn-|). Putting the two results together, we have
that function ﬂn):l_ logwn-| is (9(rlogzn‘|). !

0.5.12. That (i) implies (ii) is trivial. By (i) and letting £ be f, we have that g(n) is O(f{n)) since
obviously fin) is O(f(n)). [L

As for (ii) implying (i), this is als ) easy. Assume g(n) is O(f{n)) and that f{n) is O(h(n))
for some given h. Then, by transitivity, WT have that g(n) is O(h(n)). '

0.5.13. Suppose that function f{n) is O(g(n)) for some polynomial g(z). By Definition 0.5, it follows that
J(m)=C-g(n) for n2ny, where C and n, are natural number constants. But, of course, C-g(n) is itself a
polynomial in 7. !

Soluﬁom to Exercises for § 0.6

0.6.1. Base case. n=1. This is trivial since 4=1-(3-1+1).
Inductive case. n=k+1. We assum( as induction hypothesis that

4 + 10+ 16 + ... + (6k--2) = k(3k+1)

All we are doing here is
displaying one more term
We then have of the series.

4+10+16+.. .+ (6(k+1)—2) =4+ 10+ 16 + ... + (6k--2) + (6(k+1)-2)
= k(3k+1) + (6(k+1)-2) by induction hypothesis

= 3k%+k+6k+6-2

e T

=3 K+ Tk+4 . — |These are straightforward arithmetic

‘ . - transformations. Our goal is to produce the
= (k+1)(3k+4) right-hand side of our proposition with
= (k+1)(3k+3+1) R

= (DB 1)+])
QE.D.

0.6.2. Base case n=0. We have |[sin Ogh =|sin Ol = 0 = Q-Isin x|
Inductive case n=k+1. As induction hypothesis, we have

Isin kx| < klsin x|

We can write

Isin (k+1)-x| == Isin (kx+x)
< Isin kx+sin x| by (i)
< Isin kxl+Isin x| by (ii)
< Klsin xl+Isin x| by induction hypothesis and (iii)
< (k+1)-Isin|x|

Q.E.D.
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0.6.4. Base case. n=0. This is trivial since 02=0~(0+1)(2-0+ 1)/6.
Inductive case. n=k+1. As induction hypothesis, we have that 0°+1%4+2%+.. . +k% = k(k+1)(2k+1)/6.
Then we can write
0P+ 1%42%+. 4K + (k+1)* = k(k+1)(2k+1)/6 + (k+1)* by induction hypothesis

= (KP+k)(2k+1)/6 + (K+2k+1)

= 2CH3K2+k)6 + (6K*+12k+6)/6

= (2B +9K*+13k+6)/6

= (K*+3k+2)(2k+3)/6

5 = (k+1)(k+2)(2k+3)/6

= (1) D+ DMK+ 1)+1)/6
QE.D.

0.6.5. Base case. n=0. This is trivial since 0°=[0-(0+1)/2]*
Inductive case. n=k+1. As inquction hypothesis we have that 0’+13+23+.. +&° = [k(k+1)/2]>
Then we can write |
O+ %42%. k> + (k+1) = [k(kr 1212 + (ks 1)}
= [(KP+k)2]* + (K+3K%+3k+1)
= (K212 +K5)/4 + (A5+12K2+12k+4)/4
= (K+6k°+13k+12k+4)/4
[(P+3k+2)/2]*
[(k+1)(k+2)/2]
[+ 1)((k+1)+1)/2)?

|

x

QED. ;
Solu*ions to Exercises for § 0.7

071 (@) acdecdech
(b) abda
(©) yxyxy

073 () 23=7+7+3+5+1
(b) Path v; v3 vg has cost 3, whiclj is minimal. However, it is not unique since path v, v3 v, v4 vg
also has cost 5, as does v, v3 vs5 vg.

SoluLons to Exercises for § 0.8

0.8.1 (a) Satisfiable. Let p be true.
(b) Satisfiable. Let p be false or let g be true.
(c) Satisfiable. Let p be true and let r be false.

(d) Unsatisfiable. Note that each possible assignment of truth values to p and ¢ makes one of the
conjuncts here false.

Solutions to Exercises for § 0.10

0.10.1. First, by clause (i), each of p, g, r, and s are wifs. Next, by (ii), (g — r) is a wff. Also, by (ii)
again, (p — (g — r)) is a wif. Finally, since both (p — (¢ — r)) and s are wffs, sois ((p = (g = 1) & ),
letting S| be (p — (¢ — r)) and S, be s in (ii).

0.10.2. Suppose that (p & (g - r) is a wff. By clause (iii), (p & (g — r) must be seen to be a wff by
clauses (i) and (ii). But (p & (g — r) is not a sentence letter. So (i) does not imply that (p & (g — r) is a
wif. As for (ii), (p & (g — ) is of the form (S, & S;) only if, in (ii), we let S;be pand S, be (g — r. It
follows that (g — r must be a wff. But, by (iii) again, (g -> r is a wff only if (i) and (ii) say so. But

|




neither (i) nor (ii) imply that (g — ris a \&Jff. Thus our assumption that (p & (g — r) is a wif has produced
a contradiction, namely, that (g — r both is and is not a wif,

0.11.1

Solutions to Exercises for § 0.11

(2) Let S be a countable set of finite sets. Countability means that the elements of S can be
enumerated as

S1, 82eees S (i)

Moreover, since each of the S; hete is finite, an enumeration of the sumset of S is obtained from (i)
by replacing each S; with the finite list 5;;, sp,.. ., s, of its elements to obtain

St1s $125- <15 s1k1’321, 85225000y s2k29- <o98nls Sp2se e oy Snkn9- .. (ll)
Since the sumset of § is enumerated by (ii), it follows that the sumset of S is countable.

(b) Let S be a countable set of countable sets. Countability means that the elements of S can be
enumerated as

S1, 82005 Siee @

or, perhaps more perspicuously, as

81 )
Sz
S3
Ss

Sn

Moreover, since each of the S; here is countable, we ray enumerate each one as s;1, s,. .., Sype.. (It
will be convenient to assume that every such enumeration is infinite. If S; is in fact finite, then an
infinite enumeration is obtainable by repeating its last element ad infinitum.) Replacing each S; in

(i) with the list 51, p,..., §j,... of its elements, we obtain a two-dimensional array of the sumset of
S.

S, S12, 813, S14y - eh S1jsees (ll)
S215 Sy 523, S2s -eer Syse..
S35, S3, 533, S34, --oy Sijse..
S41, 542, 543, Sads +oey Sije..
¥
Saly Sr2> Su3s Spdy -« snj,' ..

Now (ii) is not itself an enumeration of the sumsst of S. (Rather, (ii) is an enumeration of
enumerations.) However, we can obtain an enumeration from (ii) by traversing the indicated path.




St4s -ory Spjre-- (i)
Sy avey Syjyens
$345 aeey S3jyene
S44y -+ ey Siajpe .-
Snls Sh2s Su3s Snas .-y Suj" ..

0.11.2.

n/2 if n is even

; fin)= {

—(n+1)/2 if nis odd

Solutions to Exercises for § 0.12

0.12.1. Each of (a), (b), and (f) is a CNF.

0.12.4. Definition 0.11 is unchanged. Otherwise, we replace every occurrence of v with & and conversely

throughout Definitions 0.12 and 0.13.

Definition 0.11° A literal is either a sen
literals: p, —p, g, —q, and so on.

tence letter or a negated sentence letter. Thus the following are

Definition 0.12” (i) A literal by itself is a

(ii) If each of 4

(iii) Nothing el

DNF clause.
A1, A2, ..., Ay is a DNF clause, then so is (A & As & ... & A,).
be is a DNF clause cxcept what can be obtained from (i) and (ii).

Finally, here is the new, formal definition d

f disjunctive normal form.

Definition 0.13° (i) A DNF clause by itse

(i) If Ay, Ay, ...
(i1i)) Nothing el

If is a DNF.
A, are all DNFs, thensois (A;v A,V ...V A,).
5e is a DNF except what can be obtained from (i) and (ii).

0.12.5. Subcase (3). Suppose that Sis a c

Again, A and B are of strictly lower complg
we have equivalent CNFs A” and B”. Fors
(tvu)&(wvy). So

S(=A>B) & A > B

& =lpvg&(rvs)] v [((vi)&(wvy)]

& [=(pvg)v =(rvs)]v [(tvu
[—1 [(—|p&—|q)V (--m&—.s)] \4 [
& {[(—p&—q)V (—r&—s)]V(

onditional. That is, suppose that S is of the form
A-B

2xity than is S, so, by the induction hypothesis, we assume that
implicity, let us assume that A" is (pvg)&(rvs) and that B is

by Implication

&(wvy)] by DeMorgan
tvu)&(wvy)} by DeMorgan
Vi) } & { [(—p&-—-q)v (—r&—s)]v(wvy)} by Distributivity

& {[((p&—g)v-n)&(—p&

—g)v—s)]v(tvu) } &

{[(=p&—g)v—r& ((=p&—g)v—s)Iv(wvy)} by Distributivity
S {[(—rv(—p&—g ) &(—sv(=p&—g))]v(tvu) } &

{[(=rv
& {[((=rv—p)& (—rv—g)&|
{ [((--lrv--1p)&(—|r\

—p&—g)& (—sv(-p&-q))Iv(wvy)} by Commutativity
(=sv—p)&(—sv—g))vitvu) } &
=) & ((—sv—p)&(—sv—g))Iv(iwvy)} by Distributivity

i e f it .




< {evuv[((=rv—p)& (ﬂV\J—-q)&(—.sv—'p)&(ﬂsvﬂq)] }&
{(wvy)v[((—'rv—|;‘t)&(—1rv—.q))& ((—sv—p)&(—sv—q))] } by Commutativity
= (tvuv—-.rvﬁp)&(tvuv—vvaq)&(tvuv—.sv‘—‘p)&(tvuv—-sv-—-q)&
(wvyv—.rv—.p)&(wvyv—.rvﬂq)&(wvyv—mv—.p)&(wvyv—|sv—.q) by Distributivity

Subcase (4). Suppose that S is ajnegation. That is, suppose that S is of the form
—A

Again, A is of strictly lower complexity than is S, so by the induction hypothesis, we assume that we have
equivalent CNF A”. For simplicity, let us assume that A" is (pvg)&(rvs). So

S (=—A) & —A”
< —lpvg)&(rvs)]
< =(pvg)v—(rvs) by DeMorgan
< (p&—g)v (—r&-s) ‘ by DeMorgan
& ((p&—q)v-r)&(—p&—q)v-+s) by Distributivity
& (=r V(p&—qg))&(—sv(—p&—q)) by Commutativity

& (- Vp)&(—r V=) &l(—=sVp)&(—sv—q)) by Distributivity

Subcase (5). Suppose that S is a %iconditional. That is, suppose that S is of the form
AoB

Again, A and B are of strictly lower compléxity than is S, so, by the induction hypothesis, we assume that
we have equivalent CNFs A" and B~. So |

SA> B oA &R
SA>DBY& (B —A)

By our work in Subcase (4), each of the twp conjuncts here is equivalent to a CNF. But then the
conjunction of those two CNFs is itself a CNF that is equivalent S. Q.E.D.

Solutjons to Exercises for § 0.13

0.13.3 (a) 10divd=2
10div5=2
O0div5=0
5 div 0 is undefined.
(b) 10mod 4 =2

10 mod 5 =0

Omod5=0

5 mod 0 is undefined.
(c) 4110 is false.

5110 is true.

510 is true.

015 is false.

Solutﬂons to Exercises for § 0.14
i

|
|
|
|

10




0.14.1 (a) This exercise is trivial, which is our point in bringing it to the reader’s attention. Namely, if,
for every natural number C21, there exists natural number n, with f(n)s% g(n) for nzn,, then

letting C=1 gives fin)<1-g(n) for r2ny, which is to say that f{n) is O(g(n)).

(b) If fin) and g(n) differ by a cﬁnstant, then f{r) will be O(g(n)) but f(n) will not be o(g(n)), for
example, if g(n)=fn)-+10, say. Similarly, for any two polynomial functions f(n) and g(n) of like
degree and with positive leading ¢oefficients, we have that Afln) is O(g(n)) and, in fact, O(g(n)).
But f{n) will not be o(g(n)) nor will g(n) be o(fn)).
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