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Abstract. This document contains propositions, proofs, and supplementary discus-
sion supporting claims made in the paper “Symmetric propositions and logical quanti-
fiers,” Journal of philosophical logic, forthcoming (henceforth SPLQ). Unless explicitly
mentioned otherwise, all references are internal. Section, but not subsection, headings
correspond to those of SPLQ. (The latter has no subsections.)
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§1. Introduction.

§2. Zermelo systems and Zermelo logics. Relative to a collection of ur-
elements, we assume, as background context, both a model V* of ZF? with
urelements as well as, within it, an unbounded sequence {Vj }.con of natural
models of ZF?; and we give precedence to these natural models. Operationally,
this means that any collection somehow bounded by inaccessible 8 is a set within
a natural model (U, Vy*, €|V,*) having appropriate urelements. On the other
hand, if a collection is indexed by such a 6, then we must look to (U, Vi, €|Vy})
with inaccessible ' > #. In particular, any Zermelo logic is a set in some
natural model of ZF? having fundamental propositions as urelements essentially,
whereas entire Zermelo systems will always make for proper classes even within
V* =:Uacon Va- Thus any logic f}{%’z can be situated within some model of a
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2 R. GREGORY TAYLOR

well-understood theory and is, to this extent, legitimated: f}{%’z is not “too big”
and will not give rise to contradiction assuming that ZF? itself is consistent.

LEMMA 2.1. Let 0 be inaccessible and suppose that A € Vy. Then rank(A) is
not a limit ordinal.

PRrROOF. Let a < 6 be the least limit ordinal with A € V,,. By the definition
of {Vi}acon in §2 of SPLQ, we have that V,, = U'B<a Vs so that rank(A) < «
cannot be a limit. -

THEOREM 2.2. Let ¢ be the unary function defined in §2 of SPLQ.
1. For all ordinals ¢, we have ¢ < ¢(().-

2. If £ < (, then w(&) < @({). That is, ¢ is strictly increasing.

3. For all ordinals ¢, we have 2¢ < o(¢ +1).

4. Let 6 be inaccessible. Then £ < 0 implies (&) < 6.

5. If 0 is inaccessible, then 6 = (0).

PRrOOF. The proofs of (1) and (4) proceed by transfinite induction.
1. First, 0 <1=¢(0). If { = £+ 1, then

(=E6+1<p(€) +1<2°0) = (0).

Otherwise, ¢ = Ug<gf < Ug<g ©(§) = »(Q)-

2. Tt is enough to see that, for arbitrary &, we have ¢(&) < 296 = (€ +1).

By (1) we have 2¢ < 2¢(9), and the right member here is (¢ + 1).

4. First, p(0) = 1 < 6. Next, if ¢ = £'+1 < 6, then (&) = 2°¢) < 6 since, by
6 a strong limit, (&') < 6 implies 2¢¢) < 6. Finally, if £ = U & <6,
then (&) = Ug ¢ 0(&') < 6 by 6 regular.

5. Suppose 6 is inaccessible. Then 6§ = [, 4&. So ¢(6) = p(Ucp€) =

Ue<p () <0 by (4). So 6 = (6) by (1).

@

_|

LEMMA 2.3. Let 8 be inaccessible and let T' be a class of ordinals each strictly
less than 0 with |I'| < 0. Thensup T’ < 6.

PRroOF. First, since |I'| is a set, by Replacement so is I'. But then there exists
f || = T increasing. If sup I = 6, we would have cf § < |T'|, contradicting 4
regular. -

What follows is Theorem 2.1 of SPLQ. (Recall that H%, y. is Vj.)

THEOREM 2.4. Let domain ® and signature . be given. Suppose that 0 is
inaccessible. Then for arbitrary K C Vy we have \| K, A K € Vy if and only if
|K| < 6.

Proor. Suppose K C Vjp, where |[K| < 6. Let T' = {v | there exists A €
K with A of rank v} and set p = sup I'. It follows that K C V,. Since |K| < 0
and since, by Lemma 2.1, no element of T is a limit, we have p < 6 by Lemma 2.3.
Further, ¢(|K|) < 6 by Theorem 2.2.6.

e If p < |K], then we have K C 'V, C Vik| and |K| < ¢(|K]). It follows that

VK €V
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o If |[K| < p,then K CV, CV,4 and |K| < 2? < ¢(p+1) by Theorem 2.2.5.
So VK S Vp+2.

We conclude that rank(\/ K) < max(|K|,p+1)+1<86.

For the other direction, if |K| > 6, then by Theorems 2.2.2 and 2.2.5 we have
that |K| > ¢(6) as well. Suppose, for the sake of producing a contradiction, that
V K € Vy. By Lemma 2.1 the rank of \/ K is some successor § + 1 < 6. But
then by the definition of V341 and Theorem 2.2.4, we have |K| < ¢(53) < 6.

Finally, suppose K C Vp with A K =: =(\/{—=(4) | A € K}) € V. It follows
that \/{=(A4) | A € K} € Vj also. By the foregoing, |[K| = [{—-(4) | A € K}| < 4.
The other direction is similar. -

2.1. The equivalence of two characterizations of Hyp x. First, where
 is the unary cardinal-valued function defined by

0 if¢=0
p(¢) =: ¢ 2¢) f¢=¢+1
Ue<c ¢(§)  otherwise,
we define Ho y =: U,con Vo where
69’2 ifa=0
() Va=i{{A|AEViUVE | K CVsAIK| <o)} ifa=gf+1
Us<a Vs otherwise.

Next, Zermelo’s own hierarchy 35 5 =: g, Va as in [14] where

6o 5 ifa=1
VaU{-A|Ae€ViU

{(VEK|KCViU{AK | KCV} ifa=3+1>1
UU<B<a Vé otherwise.

+) V=

Regarding our use of (x) rather than (+), we mention that only (+) supports
Zermelo’s talk of noncumulative levels Qo =: Vi, \ V, for a > 0 as “levels of
quantification” (Stufen der Quantifikation). (We let Qo be &5 5.)

It is easily shown that (%) and (+) describe equivalent systems of propositions
in the following sense.

THEOREM 2.5. Let domain ® and signature . be given. Then, for any strongly
inaccessible 0 such that |D| < 8, we have that Vo = V.

ProOF. By induction on the complexity (or rank) of A € V), we show that
A € Vy, thereby establishing V,/ C V4. We mention at the outset that |D| <
implies |&p x| < ¢, which in turn implies [V3| < 6 for all 0 < 8 < 6.

1. Suppose that A € Vj is elementary Rea;...a,,. Then A € V) = 8p 5 =
Vo C Vp.

2. Suppose that A € Vj is of the form —(B) € Vj,, with B € Vj for some
0 < B < 6. By induction hypothesis we have B € Vj and hence in V,, for
some 7y < 6. But then A € V,1; CVj.
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3. Suppose that A € Vj is of the form \/ K € V3, with K C Vj for some
0 < B < 6. Since |Vj| < 6, we have |K| < ¢. By induction hypothesis we
have K C Vj, and, since |K| < 6, we have A € Vy by Theorem 2.4.

4. Suppose that A K € Vj so that K C V/ and let K~ =: {=(A) | A € K}.
We have |K™| = |K| < § asin (3) and K~ C Vj also so that \/ K~ € Vj by
Theorem 2.4. Then =\/ K~ € Vj.

For the other direction, suppose that A € Vy. If A is either atomic or of
the form —(B), then reasoning as in (1)—(2) above suffices to see that A € V.
Suppose that A € Vj is of the form \/ K. By Theorem 2.4 we have K C Vp with
|K| < 6. Also K C Vy by induction hypothesis, and |K| < ¢ implies K C V} for
some 0 < 3 < 6. So\/ K € V4, CVjy by (+), and we are done. -

§3. A semantics based on Boolean-valued functions.

THEOREM 3.1. Let domain ® and signature ¥ be given.

1. If A € Hox, then Mod(~A) = Mod(A) =: T& \ Mod(A).
2. If K C Vs and |K| < o(B+1), then we have Mod(\/ K) = Jg e Mod(B).

Proor. We take each part in turn.
1. By Definition 3.2 of SPLQ we have the following.
T € Mod(—A) <= 7 -4
< val(~A,T) = true
< val(A, 1) = false
=TEA
— 7€ 33\ Mod(A).

2. By hypothesis and Theorems 2.2.4 and 2.4 we have \/ K € Hp 5. Further,
by Definition 3.2 of SPLQ again, we have

reMod(\/K) =1 \/ K
S val(\/ K, 1) = true
<= val(B, 1) = true for some B € K
<= 7 |= B for some B € K
<= 7 € Mod(B) for some B € K
= TE U Mod(B).
BEK
_|

That A & \/{eldg(r) | 7 € Mod(A)} is mentioned in the fifth paragraph of
[13].

THEOREM 3.2 (Theorem 3.3 of SPLQ). Suppose that domain ® and signature
Y =(R1,...,Rp) are given. Then 7 € Mod(A) if and only if eldg(r) = A.

ProOF. Suppose 7 € Mod(A). Then eldg(r) = \/TGMod(A) eldg(r) holds,
and we have \/TeMOd(A) eldg(r) = A by the remark preceding the statement of
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Theorem 3.3 of SPLQ. As for the other direction, Mod(eldg(r)) = {r} and by
assumption Mod(eldg(7)) C Mod(A). =

Regarding the quotient algebra introduced at the very end of §3 of SPLQ, we
have the following definitions. Suppose that £ is the set of equivalence classes
of members of K C 9{%’2 satisfying |K| < 6. Then we write \/ R for [\ K=
and A R for [\ K]=. Otherwise, -[A]= is [~A]=, and L and T are [1]= and
[T]=, respectively. We write [A]= V [B]= for \V{[A]z,[B]=} and [A]= A [B]= for
A[Al=. [B]=}

The mapping ¢ : Ho x/=— J—C%’Z/E defined by ¢p([A]=) = [A];ﬁf}{glE is an
isomorphism of the smallest §-complete subalgebra of (Ho s/=,V, A\, L, T)
containing each elementary proposition onto (%%72/5, V,A\,—, L, T). Suppose
that |D] < 6. Then it is obvious that the atoms of (H% s/=,V, A, L, T) are
precisely the unitary propositions over ® and X, all of which are members of
J—C%E. By Theorem 3.2, for each satisfiable A € 9{%’2, there exists an atom
B with B = A, which means that (K% y/=,\/, \,—, L, T) is atomic (see [4],
p. 147). If, instead, || > 6, then 5{0@’2/5 is seen to contain no atoms, where
we can reason as follows.

First, by an easy inductive argument we can show that the constituent set
Constit(A) of any A € 9{0@’2 satisfies |Constit(A)| < 6 (cf. Definition 4.10).
Suppose, for the sake of contradiction, that J—C%’Z/E contains an atom, that is,
an element [A)= # [L]= such that [B]= < [A]= implies either B unsatisfiable or
A < B. Since |D| > 6 by assumption, there exists a € D \ Constit(A) # (). By
Theorem 4.13 it can be seen that AARya . .. ais satisfiable with AARya...a ¢ A,
where 1 < ¢ < p and Rja...a € Bpyx C 9{%’2. It follows that [L]= < [A A
Rsa...a]= < [A]=, which contradicts [A]= an atom.

§4. Symmetric and categorical propositions. Immediately after Defini-
tion 4.1 of SPLQ, it is mentioned that any proposition over a single-element
domain is symmetric, which brings to mind the fact that any polynomial func-
tion in a single variable is a symmetric function.

If ¢ is an invariant subset of T% and {€g}s< is a family of such subsets, then
<, UB<7 ¢3, and ﬂﬁ<7 ¢z are all invariant. Consequently, we have

THEOREM 4.1. Let domain ® and signature . be given. If A and each member
of family {Ag}p< are in Symy y;, then so are =A, VB<7 Ag, and /\B<v Ag.

Since any K C Hp x constitutes a well-ordered family of propositions, Theo-
rem 4.1 entails that, with K C Symg ., both \/ K, A K € Symg 5, (cf. Theo-
rem 4.2 of SPLQ).

Theorem 4.2 of SPLQ) refers in effect to system Hp 5. The analogue for logic
H%’E follows from the definition of Sym%’z together with Theorem 2.4 and

Theorem 4.2 of SPLQ: if A and each member of K with |K| < € are in Sym%’z,
then so are = A, \/ K, and A K. For simplicity we usually present only system
versions of definitions and theorems and regularly appeal to the system version
even when the corresponding logic version is more to the point.
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THEOREM 4.2. Where ® is any singleton domain, proposition A € Hp 5 is
categorical over ® and arbitrary ¥ just in case |Mod(A)| = 1.

Proor. If [Mod(A)| =1, then Mod(A) has no nonempty proper subsets, and
we are done. For the other direction, by assumption, there are no nontrivial do-
main permutations. Consequently, if [Mod(A)| > 1, then any nonempty proper
subset is permutation-invariant. And if |Mod(A)| < 1, then A is contradictory
and hence noncategorical. =

We justify the remark following Definition 4.4 of SPLQ.

THEOREM 4.3. Let A € Hp x. Then A € Cato x if and only if A € Symg y,
is satisfiable and any satisfiable B € Symg 5, with B = A satisfies A & B in
fact.

Proor. Let A € Catg x. Since its model set is then nonempty and invariant
by definition, it follows immediately that A is satisfiable and symmetric. Sup-
pose, for the sake of contradiction, that there exists satisfiable symmetric B with
B = A but B ¢ A. Then () # Mod(B) C Mod(A) so that minimal invariant
Mod(A) has a nonempty invariant proper subset, which is absurd.

For the other direction, suppose that A is satisfiable and symmetric but not
categorical. It follows that Mod(A) has a nonempty invariant proper subset
¢ C TX. Since Mod(\/, ¢ €ldg(r)) = € # 0 is invariant, we have \/, . eldg(r)
satisfiable and symmetric. Since Mod(V/ ¢ €ldg(r)) = € C Mod(A), we have
that \/ . eldg(r) = A but \/_ . eldg(r) & A. —

The logic version of Theorem 4.3 splits into two cases, depending upon the
cardinality of ©. Both logic versions are consequences of Theorem 4.3.

THEOREM 4.4. Let A € HE 5 with |D| < 6. Then A € Cat%’z if and only if

A€ Sym%; is satisfiable and any satisfiable B € Sym%; with B = A satisfies
A< B in fact.

PRrROOF. Let A € 9{%’2. Suppose A € Cat%’z. Then A € Catp x and by
Theorem 4.3 we have that A € Symy, y, is satisfiable. So A € Symg 5z NHE 5 =
Sym%’): as well. Suppose that B € Sym%; satisfiable is such that B = A. Then
B € Symg y also so that A < B.

For the other direction, note first that |D| < 6 implies |T3| < 6. Suppose that
A€ Sym%; \ Cat%; is satisfiable. Then A ¢ Cate y since A € 11{237E by as-
sumption. (Recall that Cat%’z =: Catp x ﬂﬂf%;.) So Mod(A) has a nonempty
invariant proper subset ¢ C T4. Since Mod(\/ ¢ eldg(r)) = € # 0 is invariant,
we have \/ .. eldg(T) € Symg y satisfiable. Since Mod (Ve €ldg(r)) = €
Mod(A), we have \/_ ., eldg(r) = A but \/__,eldg(r) ¥ A. Moreover, |€]| < 6
gives \/, o eldg(r) € HE 5. So V/, e eldg(r) € Symg 5y NHE & = Sym% 5. A

THEOREM 4.5. Let |D| > 6. Then Cat%; =0.

PRrOOF. Suppose for the sake of contradiction that A € Cat%’z with |D] > 6.

Then A € Cat@,gﬂSym%,E. Since L, T & Catop x, it follows that A is contingent.
By Corollary 4.19 we have |D]| < 6. -
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THEOREM 4.6 (essentially Theorem 4.7 of SPLQ). Let nonempty domain ©
and signature X be given.

1. Suppose that A € Catpx. Then —A € Symg y, \ Catp 5 if [D] > 1.

2. Suppose that each member of family {Az}s<~ is in Cato s and that the
members of this family are not all logically equivalent one to another. Then
both \/{Ap}s<~ and N{Ap}s<, are members of Syms 5, \ Cato, x.

ProoF. Each of =A, \/{As}ps<y, and A{As}s<, is in Symg s by Theo-
rem 4.1.

1. First, note that if nonempty ® has even two elements then ‘I% is the disjoint
union of no fewer than three minimal invariant sets. Suppose, for the
sake of contradiction, that both A and —A are categorical. Then T% =
Mod(A) U Mod(—A) is the union of just two minimal invariant sets. It
follows that |D] = 1.

2. Let A and B be two members of family {Az}z<, with A ¢ B. That A is
categorical implies that () # Mod(A) C Mod(A)UMod(B) = Mod(AV B) C
Mod({Ag}s<~) since A and satisfiable B are inconsistent by Corollary 4.6 of
SPLQ. So Mod(V{Ag}s<~) has a nonempty proper subset that is invariant,
which means that \/{Ag}3<~) is not categorical.

As for A{As}s<~, again let A and B be two members of family {Az}s<
with A ¢ B. Then A and B are inconsistent by Corollary 4.6 of SPLQ.
So Mod(A{Ag}s<y) € Mod(A A B) = Mod(A) N Mod(B) = (. Thus
A{As}s<~ is a contradiction and hence not categorical.

_|

We justify a remark at the very end of §4 of SPLQ.

THEOREM 4.7. Let domain © and signature ¥ be given. Suppose that |D| < 6.
Then the atoms of (Sym%’E/E,V,/\,—',J_,T) are all and only the members of

0 —
Catg »/=.

PROOF. Suppose that [A]= € Cat%ﬁz/z and that [B]= € Sym%’z/z with
[Bl]= < [A]=, which holds just in case B = A. By Theorem 4.4 either B is
unsatisfiable or B < A in fact. That is, either [B]= = L or [B]=z = [A]=, which
is to say that [A]= is an atom.

Suppose that [A]= is an atom and let [B]= € Sym%ﬂz/z. Then [A]=z # L, and
[Bl= < [A]z implies [B]= = L or [B]= = [A]=. In other words, A is satisfiable,

and any satisfiable symmetric B such that B = A is such that B < A in fact. By
Theorem 4.4 again we have that A is categorical so that [A]= € Cat%’Z/E. =

THEOREM 4.8 (see [2] T27-2, pp. 117-18). Suppose that domain ® and signa-
ture X are given and let 71,75 € ‘I%. Then we have each of the following. (We
preserve the itemization in [2].)

eldg(m) = V. ¢[r,. eldg().

b. If 71 € [r2]~, then eldg(r) = =V ¢, eldg(7).
c. Ifeldg(r1) = V ¢, €ldg(7), then 71 € [r2]~.
d. r € Mod(\/Te[n]z eldg(7)).

e. If m € Mod(V eldg(r)), then 11 € [T2]~.

&

TE[‘Q}:
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f. The following four conditions are equivalent:
1. 1 € [7—2]5.
2. (1) = 12 for some w € Sp.
5. eldg(t1) =V, ¢pry). €ldg().
6. 71 € Mod(V, (). eldg(T)).

THEOREM 4.9. Suppose that domain ® and signature ¥ are given and let
Ty, T2 € T%. Then we have each of the following. (Itemization follows that
of Theorem 4.8.)

a. There exists A € Catop 5 such that eldg(m) = A.

b. There ezists A € Cato 5 such that eldg(m) = —A.

c. If eldg(m) = A with A € Catp s and 72 € Mod(A), then n(m) = 1 for

some ™ € Sy .

d. There exists A € Cato v such that 7 € Mod(A).

e. If i, 70 € Mod(A) with A € Catg x, then w(1) = 1o for some m € So.

f. The following four conditions are equivalent:

1. 1 € [TQ]:.

2. w(m1) =72 for some 7 € Sp.

5. eldg(m) = A for some A € Catp 5 with 7o € Mod(A).
6. 71,72 € Mod(A) for some A € Catp 5.

4.1. Symmetry, contingency, and domain size. As mentioned following
Definition 4.1 of SPLQ, one can prove that Sym%’z has a contingent member
only if |D| < 8. The claim plays a role at the very end of §4 of SPLQ. Also,
our proof of First Representation Theorem 6.1 makes use of it. We establish
the claim in Corollary 4.19 below. Considerable complications arise along the
way due to the fact that, if © is finite, then the number of nonconstituents of
proposition A € f}{%’z with ¥ = (R",... , R,") may be strictly less than n, for
some 1 < /< p.

DEFINITION 4.10. Let A be a member of system Ho 5. Then Constit(A) CD
is defined inductively as follows.

1. If A is elementary Rya; ...a,,, then Constit(A) = {ai,... ,a,,}.
2. If A is =(B), then Constit(A) = Constit(B).
3. If Ais \| K with K C Hp 5, then Constit(A) = |Jg ., Constit(B).

THEOREM 4.11. For any A € f}{%’z we have |Constit(A)| < 6.
PRroOF. By induction on the rank of proposition A. -

LEMMA 4.12. Let A € Hp s and suppose that b € D \ Constit(A). Let T =:
(fi,---,fp) € Mod(A). Fiz € with1 < ¢ < p and j with1 < j < ny. Let
Olyeee 051505415 ,0n, € D. Finally, let 7' =: (f{,...,f,) be the unique
member of T% satisfying

1. if k # L, then f, = fr

2. fé(al, cee s 051, b, Aty ,Clné) 75 f[(al, cee A5, b, Aty ,Clnl)

3. for any (bq,...,by,) € D™ distinct from {(a1,...,a;-1,0,0541,...,05,),

we have fj(b1,...,by,) = fo(b1,...,b5,).
Then ' € Mod(A).
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Proor. If A is a contradiction, then the claim is vacuously true. If a tautol-
ogy, then it is equally obvious. We proceed by induction on the complexity of A
and assume that § C Mod(A) C T4. If A is elementary Rea; ...a,,, then the
claim is obvious. Suppose that A is =(B), that b is not among its constituents,
and that 7 =: (f1,...,f;) € Mod(A). Consider 7" =: (f],..., f,) satisfying
conditions (1)—(3). If 7' € Mod(B), then by induction hypothesis so is 7 since b
is not a constituent of B. But this contradicts 7 € Mod(—(B)). So 7" & Mod(B),
in which case 7' € Mod(—(B)), which is Mod(A).

Suppose that A is \/ K with K C 9—[9@’2, that b is not among its constituents,
and that 7 =: (f1,..., f;) € Mod(A) = Ugcgr Mod(B). Let 7" =: (fi,..., f,)
satisfy conditions (1)—(3). Then 7 € Mod(B) for some B, and, since b ¢
Constit(B), we have 7/ € Mod(B) C Mod(A) by induction hypothesis. =

Let A € Hox. If 7,7 € TZ differ on nonconstituents of A only, then either
7,7 € Mod(A) or 7,7" & Mod(A), as we now show.

THEOREM 4.13. Let A € Ho » and suppose that T =: (f1,... , fp) € Mod(A).
Let ' =: (fi,...,f,) € T3, Now suppose that, for any 1 < ¢ < p and
any by,...,by, € D, we have that fe(b1,...,b,,) # fi(b1,...,b,,) implies
{b1,...,b,,} Z Constit(A). Then " € Mod(A).

PROOF. By iterated application of Lemma 4.12. -
Remarks 4.14 and 4.15 follow immediately.

REMARK 4.14. If Mod(A) contains 7 but not 7', then 7 and 7’ must differ on
some ng-tuple consisting of constituents of A.

REMARK 4.15. Suppose that Mod(A) contains 7 but not 7/. We may assume
without loss of generality that such 7 and 7' agree on all nonconstituents. That
is, we may assume that, for any 1 < ¢ < p and any by,... ,b,, € ©\ Constit(A),
we have fe(b1,...,0bp,) = fi(b1,...,bp,).

Where ® C D', we write Sp and So for the classes of permutations of © and
D', respectively. With 7 € Sp/ we write 7 [ ® =: {{a,b) € © x D|r(a) = b} for
a certain member of Sp provided that m fixes D' \ D setwise. Of course, for all
7€ %2, and all A € Hp 5, we have

(%) T € Modo »(A) if and only if 7 [ ® € Modp x(A).
Also, if m € So/ fixes ® setwise, then, for all 7 € f%, we have that
(%) m(r) D =m[D(r | D).

Further, if 7 € So. fixes © setwise, then (%) and (%) together give
(+) (1) € Modo 5(A) if and only if 7 [ D(r [ D) € Modp n(A)

for all A € Hop,x. As a special case, let A € Hp » and suppose that = fixes
Constit(A4) C D setwise. Then (4) becomes

(1) m(7) € Modyp 5(A) if and only if
7 | Constit(A)(7 [ Constit(A)) € Modcenstit(a),s(A)-
The following theorem will be used in the proof of Theorem 4.18.
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THEOREM 4.16. Suppose that A € Symg , but that Constit(A) C D. Suppose
that ® C®' =D U{a1,...,ar}. Then A € Symy, 5 also.

PRrOOF. It is convenient to assume that ©' = ®U{a} initially. (For the general
case whereby ©' =D U {ay,...,a;}, we iterate the ensuing argument k times.)
For the sake of contradiction, assume A ¢ Symg, 5. Since A is not symmetric
over ®’ and ¥, some permutation 7 of ®' takes 7 =: (f1,..., fp) € Modop: x(A)
to (1) = (7(f1),.-. ,7(fp))  Modo 5(A). Wehave 7 [ D =:(f1 | D,...,fp |
D) € Modp »(A) since omitted a is a nonconstituent. (We forego the easy
proof by induction on the complexity of A.) Similarly, 7n(7) | © =: (x(f1) |
D,...,7(fp) | D) € Modop 5(A). There are four cases to consider.

1. Suppose that 7 fixes a. We have 7 | D(7 | ®) = 7(7) | D since 7 fixes a.
But then 7 | ©(7 [ D) ¢ Modp 5(A) by an earlier remark, contradicting
A € Symg ..

2. Suppose that 7 does not fix a but does fix some b € D \ Constit(A) # 0.
We define 7' € So/ by writing

7(c) if cg {n~'(a),a,b}
b if c =7"1(a)

a ifc=a

m(a) if c=h.

Since 7' fixes a, we have 7’ [ D(7 [ D) & Modp »(A) by (1) with 7’ [ D €
Sp. This contradicts A € Symy 5.

3. Suppose that 7 fixes no element of © \ Constit(A)) U {a} but that 7 does
fix (D \ Constit(A)) U {a} setwise. It follows that 7 fixes Constit(A) set-
wise, and 7(7) ¢ Modg’ »(A) implies # [ Constit(A)(r | Constit(A)) ¢
Modconstit(a),5(A) by (+) and A € Heonstit(a),z- Let 7' € Sp be defined
by

ﬂ'(a) — {[W [ COHStit(.A)](a) ifae COHStit(.A)

a if a € © \ Constit(A).

Then 7 | Constit(A)(7 | Constit(A)) ¢ Modconstit(a),=(A) has as conse-
quence that 7'(7 [ ©) € Modop 5(A). (Recall () and use 7’ | Constit(A) =
7 | Constit(A) as well as (7 | ®) | Constit(A) = 7 [ Constit(A).) This
contradicts A € Symy ..

4. Finally, assume that 7 does not fix (®’ \ Constit(A)) U {a} setwise. It is
convenient to assume initially that 7 maps just one nonconstituent to a
constituent, and vice versa. That is, m transposes nonconstituent a,. and
constituent a. and otherwise fixes both [(D’\ Constit(A))U{a}]\ {anc} and
Constit(A) \ {ac}.



SUPPLEMENT 11

(a) As first subcase, suppose that a,. € © so that a,. # a. We define
7' € So/ by writing

m(c)  ifcg{n (a),a,m(a)}
m(a) if c=7""(a)
a ifc=a

7 Ya) if ¢ = 7(a).

Since 7’ differs from 7 on nonconstituents only, it is clear that «(7) ¢
Modg: 52 (A) implies 7'(7) ¢ Modo: »(A). (We forego an easy proof
by induction on the complexity of A.) And, again, since 7' fixes a,
we have 7' [ D(7 | D) € Modo »(A) by (1) with 7' [ ® € Sg. This
contradicts A € Symg ..

(b) Otherwise, assume that a,c = a € D'\ D. Let a’ € D\ Constit(A) # 0.
By Lemma 4.17 there exists 77 € Modg » such that the role of o’ in
7' is precisely that of an. in 7 (cf. condition (C) in the statement of
Lemma 4.17). Let ' € So+ be defined by

n(c) ifcg{r 1 (a'),d,a = anc,ac}

n(a') if c=7"1(a")

7'(c) = < ac ifc=a
a if c=a=ane
a' if ¢ = ac.

Since 7(7) € Modo 5 by assumption, (C) gives '(7') ¢ Modgo/ 5.!

But 7' fixes a so that 7' | ©(7 | ©) ¢ Modp »(A) by (+) with 7' |

D € So. This contradicts A € Symg .
If, in contrast, 7 maps exactly two nonconstituents an, and apc, to con-
stituents a., and ac,, respectively, then again two subcases arise. The case
whereby both of anc, and anc, are in D can be reduced to subcase (4a).
Otherwise, there is a reduction to subcase (4b). Continuing in this manner,
we conclude that a contradiction arises even if 7 should take each and every
nonconstituent to a constituent.

I'We show that, where 7 =: (f1,...,fp) € ‘I%, is arbitrary, 7' =: (f{,...,f;) € ‘K%,
satisfies condition (C), and 7,7’ € Sg are as described above, we have w(7) € Modg/ »(A)
if and only if 7/(7") € Modg/ 5(A). For the base case, suppose that A is Rya1 ...dan, so that
at,..., 0, € Constit(A). Then

m(T) € Modg: 5(A)

= (fo)(ar,...,an,) =1
S fe(r N ar), . Han)) =1
L7 ), 7] () = 1

by the definition of 7/ since for all 1 < i < ny either (1) a; = ac, in which case 77 1(a;) = anc = a
and [7']7(a;) = @’ or (ii) a; = ac, in which case [7']71(a;) = 771 (a;)

<:>7T’(fl{)(u1,... yap,) =1
<=7'(7") € Modg/ n(A).

Two inductive cases are straightforward.
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_|

LEMMA 4.17. Let A € Hop s with |D \ Constit(A)] > 1 and suppose that
T={(f1,---, fp) € Mode »(A). Let a,a’ € D\ Constit(A) with a # a'. Then
there exists 7' =: (fi,... , f,) € Modo x(A) satisfying the following condition.

(C) For all1 < £ < p, we have that fi(ai,...,a,,) = fi(b1,...,by,) whenever
(i) {ai,... ,an, } N{a} # 0, (ii) for all 1 < i < ny we have that a; = a if
and only if b; = d', and (iii) for all 1 < i < ny we have that a; # a implies
a; = b;. (“The role of nonconstituent a within 7 is identical with that of
nonconstituent a’ within 7'.”)

PROOF. Suppose that 7 € Modgp 5(A). Foralll </<pandallay,...,ap, €
Constit(A), let 7' € L satisfy fi(ai,...,an,) = fe(a1,...,a,,). It follows that
7' € Modgp »(A). Since Constit(A) N {a} = 0 so that (i) fails for any n,-tuple
involving constituents only, we can assume without loss of generality that 7’
satisfies condition (C) as well. !

We are now ready to present our main result.
THEOREM 4.18. If A € Sym%,E is contingent, then Constit(A) = D.

PROOF. Since A is contingent, we have §) C Mod(A) C TZ. Suppose, for
the sake of contradiction, that © \ Constit(A) # . By Theorem 4.16 we may
assume without loss of generality that |© \ Constit(A)| > n, for all 1 < £ < p.
(If not, we add new elements to ®.) Let 7 =: (f1,...,fp) € Mod(A) and
let 7/ =: (f{,...,f,) & Mod(A). By Remark 4.15, we may assume that 7
and 7' agree on all n,-tuples involving nonconstituents only. By symmetry we
have 7= (1) = (z="(f1), ..., 7' (fp)) € Mod(A) for arbitrary m € Sp whereas

(7)) = (@' (fi),..., 7' (f})) & Mod(A). By Remark 4.14 we have that
(7= (f1)](B) # [w‘l(f,’g)]([_;) for some 1 < k < p and some by, ... ,b,, satisfying
{b1,...,b,,} C Constit(A). (We do not assume that by,...,b,, are distinct.)
Let 7 € Sp satisfy 7(b1) = a1, ..., 7(by,) = an,, where ai,... ,a,, € D\
Constit(A). (Thus ay,... ,a,, may not be distinct.) But then
f@ = fu(®(8)) = [F7 (f)](B) # 7 (f](B) = fi(7(B)) = fi (@)

Thus 7 and 7' disagree on nonconstituents aj, ... ,a,, after all, which is a con-
tradiction. =

COROLLARY 4.19. If Sym%ﬁz has a contingent member, then |D| < 6.

PROOF. An easy inductive argument shows that the constituents of any mem-
ber A of f}{%’z number fewer than 6. If A happens to be both contingent and
symmetric, then by Theorem 4.18 its constituent set coincides with ©. .

4.2. Classes versus sets. We use the terms “class” and “set” advisedly
with respect to Zermelo systems and Zermelo logics, as we now explain. In the
minimal case, we have ©® = {a} and unit signature ¥ = (R) with R monadic.
Fundamental relation Ra is of rank 1, =(Ra) is of rank 2, =(—(Ra)) is of rank
3, and so forth. Writing —=°(Ra), =!(Ra), and —»(Ra) for the three propositions
just mentioned, we have that \/ —"(Ra) is of rank w+ 1. (By Lemma 2.1, no

n<w
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proposition has limit rank.?) Thus, for all @ € On, some proposition of Zermelo
system Hp » is of rank o + 1. Further, every proposition has ordinal rank. We
conclude that the cardinality of Hp s is that of On. In consequence of this,
we say that Hep x is a class. In this minimal setting Ra, —(Ra), ~(—(Ra)), ...
are all categorical. So are \/{—-"(Ra) | n even} and \/{-"(Ra) | n odd}. So
|Cato x| = |Hp x|, which means that Catgp x is a class, as is Symg 5, D Cato 5.

Turning to Zermelo logics, we let some strongly inaccessible 6 play the role
of On in the previous paragraph. Since |9—C%’Z| = 6, as is easily seen, we say
that logic 9—(%72 is a class. (This is true for arbitrary nonempty domain ® and
arbitrary nonempty signature X..) Every tautology of logic H%’E is symmetric,
and the tautologies of f}{%’z number 6. (In the minimal setting, each of =" (Ra V
—(Ra)) for even n is tautologous, as is each of =™ (\/{—"(RaV ~(Ra)) | n even})
for even m, and so forth.) So Sym%E is a class. As for Cat%ﬁz, matters are more
complex. It is empty if |D| > 4 and hence a set. If |D| < 4, then |Cat9©’2| =46.
(In the minimal setting each of ="(Ra) for n > 0 is categorical, as is each of
=™(\/{="(Ra) | n even}) for m > 0, and so forth.) So if |D| < 4, then Cat%ﬁz

is a class. For simplicity we say generally that Cat%ﬂz is a class.

§5. Zermelo logics and quantifier algebras. Where ng,... ,n, > 0, we
have that

(Q%(ﬁ),Y,A,N,falseﬁ,trueﬁ>
is a #-complete atomic Boolean algebra of quantifiers over ©, where operators
and constants are defined by the following:
lp. Where X C Q% (77) satisfies |X| < 6, type-(i7) quantifier Y X maps p-tuple
(A1,...,Ap) € p(@™) x ... X p(D™) to true just in case we have that
Q"(Ay,...,Ap) = true for some Q7 € K.
2o. Where K C QF (i) satisfies |X| < 6, type-(ii) quantifier \ K maps p-tuple

(A1,...,Ap) € p(@™) x ... X p(D™) to true just in case we have that
Q%(Ay,...,Ap) = true for every Q" € X.
3o. Given Q" € QY (i), type-(ii) quantifier ~Q" maps p-tuple (4;,...,4,) €

P(D™) x ... x p(D"™) to true just in case Q" maps (A1,...,A,) to false.
45. Type-(il) quantifiers false™ and true™ are the constant-false and constant-
true function, respectively, on p(D71) x p(DI2).

Our notion of montagovian (n,)-tuple is a generalization of the notion intro-
duced in R. Montague’s intensional logic, whereby (1) the intension of proper
noun John is identified with a class of properties whereas (2) the extension (or
denotation) of John is identified with a class of domain subsets. (Talk of inten-
sions, extensions, satisfaction, and membership is relative to a given intensional
model of the intensional language in question.) Extensions as in (2) are of course
none other than type-(1) quantifiers in our sense. Regarding (2), Keenan and

2Zermelo gives a different notion of rank at the end of the second paragraph of [13]: rank(A)
is defined there as the unique a with A € Vo41 \ Va. So V., =" (Ra) would be of rank
w according to this definition. This definition is preferable to our own to the extent that,
according to it, every ordinal serves as rank.
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Westerstahl cite Montague’s [6] (see their [1]). However, we do not see that this
notion is playing any role in [6]. Rather, the actual source seems to be Basic
Translation Rule T1(d) in [7].

We justify a remark following Definition 5.1 of SPLQ by formulating and
proving

THEOREM 5.1 (see [1] Generalization 1.1.2(i)). Let domain © be given. Then
each member of Qo (i) is a Boolean combination of members of Mo (7).

PROOF. It is sufficient to see that each atom Q414r of Qg (i) can be ex-
pressed as meet

(a1, 00, )EAL (a1, 0nq )EAL
A15ee0 500y, A1, 500,
A H, A A ~H, .
(a1,...,0n,)EAp (a1, ,0n,)€Ap

_|

It follows immediately from Theorem 5.1 and #-closure that if |©| < 6 then each
unitary type-(ii) over D is a member of Q% (7). (Note that the meet presented in
the proof of Theorem 5.1 involves fewer than 6 conjuncts in that case.) We have
shown that (Q% (77), Y, A, ~. false™, true”) is atomic if |D| < 6, thereby justifying
the claim following Definition 5.2 of SPLQ.

If, instead, |D| > 6, then we argue as follows. As a preliminary, we define the
set Constit(Q") C D of constituents of type-(ii) quantifier Q" over ® on analogy
with Definition 4.10.

DEFINITION 5.2. Let domain © and signature ¥ = (R1,... ,Rp) be given. Let
Q" € Qo(it). Then the set Constit(Q") of constituents of Q7 is defined as
follows.

1. If Q"™ is montagovian ng-tuple H;l’""a"‘ with 1 < £ < p, then Constit(Q") =

{Cll,._‘..,ané}_‘. L B L

2. If Q™ is ~Q™ with Q™ € Qp(f), then Constit(Q™) = Constit(Q™).

3. If Q" is Y X with K C Qo (i), then Constit(Q™) = Jga e Constit(Q™).

4. If Q" is \ K with X C Qo (7)), then Constit(Q") = Usaex Constit(Q7).

Next, by an easy argument by induction on the complexity of Q7 € Qf (i)
whereby we exploit the fact that the members of Mg (i7) are generators of Q% (i7),
we can show that the constituent set of any Q" € Q% (i) satisfies |Constit(Q")| <
6. Suppose for the sake of contradiction that Q% (i7) contains an atom, that is,
a minimal member Q" of Q% (i) \ {false™}. This means that Q™ must satisfy
Q" # false™ and that Q™ < Q" implies either Q" unsatisfiable or Q™ = Q™.
Since |D| > 6 by assumption, there exists a € D \ Constit(Q") # 0. By the
analogue of Theorem 4.13 it can be seen that Q" A H;* is satisfiable with
QU A Hj " £ Q", where 1 < ¢ < pand H* € Mp(it) C Q% (7). It follows
that false” < Q™ A Hj»% < Q", which contradicts Q™ an atom.

We justify a remark following Definition 5.2 of SPLQ to the effect that the
mapping o : Ho x + Qo (i7) defined by o(A) = Q7 is a homomorphism.
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1. We have that p(-=A) = Q" , = ~Q7 = ~p(A).
2. We have that p(V K) = Q@K =Y{Q% | Be K} =Y{p(B) | Be K} =

Y o).

3. We have that p(AK) = Q) x = A{Q% | Be€ K} = \{p(B) | B€ K} =
A p(K).

Next, we show that p | H% . is surjective onto Q% (7). Suppose that Q" €

Qf (7).

1. If Q™ is montagovian n,-tuple H;l’""a"‘ with 1 < ¢ < p, then Q" is
p(Reay ... a,,) with Rear...a,, in J—C%’E.

2. I Q7 is ~Q™ with Q™ € QY (i), then Q™ is p(—p 1 (Q™)), where p~1(Q™),
and hence —p~1(Q™), is defined and a member of 9{%’2 by induction hy-
pothesis.

3. I Q" is Y K with X C Q% (i7) and |X| < 6, then Q" is p(\/ p~1 (X)), where
each member of p~1(X), and hence \/ p~*(X), is defined and a member of
H, 5, by induction hypothesis and Theorem 2.4.

4. I Q" is \ K with X C Q% (i) and |X| < 6, then Q" is p(A p (X)), where
each member of p~!(X), and hence A p~!(X), is defined and a member of
HY, 5. by induction hypothesis and Theorem 2.4.

As a direct consequence of the definition of <, we have

THEOREM 5.3. Let domain ® be given and let Q7, Q" € Q% (). Then Q" <
Q™ if and only if Q7(Ay,... ,Ap) = true implies Q" (Ay,... ,Ap) = true for all
A € p(@™), ..., and all A, € p(D™r).

THEOREM 5.4 (Theorem 5.3 of SPLQ). Suppose that we are given domain D
and signature ¥ = (R, ..., Ry), and let proposition A € H%’E. Then we have

7 € Mod(A) if and only if Q% (f7'(1),... ,f;l(l)) = true

for any T =:{f1,..., fp) E‘I’%.

PROOF. Our proof proceeds by transfinite induction on the complexity of
proposition A. As base case, suppose A is rank-0 proposition Rea; ... a,,. Then
Q" is as in clause (1) of Definition 5.2.1 of SPLQ. We have

QFyar.an, (71,0, £ (1)) = true
= (ag,...,0,,) € f71(1)
= folor,...,0,,) =1
< val(Reay ...ay,,T) = true

by Definitions 3.1 and 3.2 of SPLQ

<< 7 Riay...a,,
< 7 € Mod(Rsay ...a,,).
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Two inductive subcases are straightforward. First, suppose that A is of the
form —B. Then

i

QL (f1(1),... ,fp_l(l)) = true
= ~QE(f; (1), ... afp_l(l)) = true

by Definition 5.2 of SPLQ

= QR(f; 1), £, (1)) = false
by (39)

<= 7 ¢ Mod(B)
by induction hypothesis

<= 7 € Mod(A)

by Theorem 3.1.1.

Next, suppose that A is of the form \/ K with K C %%72 and |K| < 4. Then
QAU (W), £ (1) = true

= [Y{QE 1B e K}(f (1), £ (1) = true

by Definition 5.2 SPLQ
= QL.(f7'(),... . f, (1)) = true for some B* € K

by (1o)
<= 7 € Mod(B") for some B* € K

by induction hypothesis
<= 7 € Mod(A)

by Theorem 3.1.2.

_|

THEOREM 5.5 (Theorem 5.4 of SPLQ). Suppose that we are given domain ©
and signature ¥ = (R1,... ,R,). Let 7= {f1,..., fp) € TZ. Where A; € p(D)
for 1 < £ < p, we have deg(T)(Al, ..., Ap) = true if and only if Ay = f[l(l)
forall1 <1 <p.
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Proor.
Rag(r (A1, -, Ap) = true <= (xa,,- .- ,x4,) € Mod(eldg())

by Theorem 5.4 since characteristic function x4, satisfies X;j(l) =Apfor 1<

t<p
= (XArs-- o X4,) =T

since Mod(eldg(7)) = {7}
= xa,=feforall1<l<p
@Ag:f[l(l) forall1</<p

since X;j(l) =A;forall 1 </¢<p.

_|

THEOREM 5.6. Suppose that domain ® and signature ¥ = (Ry,... ,Ry) are
given. Let propositions A, B € 9—[%’2. Then A = B if and only if Qﬁ = Q’%.

Proor. We can write
A=3B
<= Mod(A) C Mod(B)
<= given 7 € ¥4 arbitrary, 7 € Mod(A) implies 7 € Mod(B)
<= given 7 = (fi1,... , f,) € ¥% arbitrary,
Qu(ft(N),..., £,71 (1)) = true implies QE(f; *(1),..., f, (1)) = true
by Theorem 5.4
< given 4; € p(D™),..., A, € p(D"?) arbitrary,
Qﬁ(Al, ..., Ap) = true implies Q%(Al, .., Ap) = true
< given A; € p(D™),... A, € p(D"?) arbitrary,
either Q7 (Ay,...,A,) = true or Q% (Ay,...,A,) = true
if and only if Q% (A;,... ,Ap) = true
< given A; € p(D™),... A, € p(D"*) arbitrary,
[Q7 Y QE)(Ay,...,A,) = true if and only if Q% (A,,...,A,) = true

by (19)
= Q1 Y QL =Q%

— QY 2 Q.

A remark at the end of §5 of SPLQ is justified by
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COROLLARY 5.7. Suppose that domain ® and signature ¥ = (Ry,... ,R,) are
given. Let propositions A, B € 9—[9@’2. Then A < B if and only if Qﬁ = Q’%.

THEOREM 5.8 (Theorem 5.5 of SPLQ). Suppose that domain ® and signature
= (Ry,... ,R,) are given. Let T € T3 and let m € Sp. Then with Ay € p(D*)
for all 1 < £ < p we have

Qzldg(‘r) (Alﬂ st ’AP) - Qeldg(ﬂ' 'r))( (Al) ’W(AP))‘

Proor. It is sufficient to show that [ gldg(‘r)](Al"" ,Ap) = true implies
[dig(ﬁ(r))](w(Al), ...,m(Ap)) = true. Suppose the former. Let 7={(f1,..., fp).
Theorem 5.5 implies that 4, = f;7'(1) for 1 < £ < p. But then 7(A;) =
7(f7' (1)) = 7(f))~1(1) so that [deg(ﬁ(T))](ﬂ(Al), ...,m(Ap)) = true by Theo-
rem 9.5 again. -

The following example illustrates Theorem 5.8.

EXAMPLE 5.9. Let ©® = {a,b} and let ¥ = (R) with R monadic. Let 7 =
(f) € T{a py> Where f(a) = 1 and f(b) = 0. Thus eldg(r) is Ra A ~Rb so
that quantifier image Qildgm is H A ~H?. Suppose Qildg(r) (A) = true with
A € p(®). This must mean that A = {a}. Let 7 = (a b) so that n(7) = (x(f))
and 7(A) = {b}. Then eldg(n (7)) is RbA =Ra so that Ql 4, r(r)) 15 HY A ~HY.
What of Q) (r(ry(T(4)) = HY A ~H{({b})? Clearly, it has value true, as
predicted by Theorem 5.8.

§6. Logical and categorical quantifiers. That both false"! and true"! are
logical quantifiers should be clear.

THEOREM 6.1 (First Representation Theorem 6.5 of SPLQ). Let domain ® be
given and let signature ¥ = (R, ..., Rp). Suppose A € 9‘(%72. Then proposition
A€ f}{%’z is symmetric over ® and X if and only if quantifier image Qﬁ is a
logical type-(1) quantifier over ® and X.

PROOF. Suppose proposition A is symmetric. If A is a tautology (contradic-

tion), then Q7 is logical quantifier true” (false™). So suppose that A is contingent,
from which it follows that 6 exceeds |®| and hence |Mod(A)|. By Corollary 5.7
we may assume A to be V. cyoq(4)€ldg(r) € J{%’E. In that case, by Defini-
tion 5.2 of SPLQ, Q7 is Y, entoa(a) @hag(r)- Let QU (B1,..., By) = true with
By € p(®@™),...,B, € p(®"). We have that Qeldg y(B1,...,By) = true
for some 7 € Mod(A). With # € Sp arbitrary, Theorem 5.8 then gives
inldg(ﬂ'(‘r*))(ﬂ-(Bl)’ ..., m(Bp)) = true with m(7*) € Mod(A) by symmetry. So
Q" (m(Bi),... ,m(Bp)) = true, which is sufficient to see that Q7 is logical.
Suppose Qi is a logical quantifier. If Qﬁ is true% (false%), then A is a
tautology (contradiction) and hence symmetric. Otherwise, we have [9| < 6 and
can again assume that A is \/, cyjoq(4) €1dg(7) so that Q7 is Y reMod(a) dig(r).
Suppose that 7* € Mod(A). By Theorem 3.2 we have eldg(r*) = A. Then
by Theorem 5.6 we have Qeldg 5 =< Qi. Let 7 € Sp. It follows that, for
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B, € p(@™),... ,B, € p(®"), we have
Qlag(n(r+)) (B1, ..., By) = true

= Q?ldg(‘r*)(’/ril(Bl); oo, H(By)) = true
by Theorem 5.8

= Qh(x7(B1),..., 77 (By)) = true
by Theorem 5.3 since Qeﬁldg(T*) < Q7

= Q% (Bi,...,B,) = true

since Q)" is logical.

Now by Theorem 5.3 we have that deg(w(T*)) =< Qﬁ, and it follows, by The-

orem 5.6 again, that eldg(w(7*)) = A. But then by Theorem 3.2 we have
m(1t*) € Mod(A). Since m was arbitrary, Mod(A) is seen to be permutation-
invariant. =

We give logic versions of our representation theorems. They have system ver-
sions as consequences, assuming an unbounded sequence of strongly inaccessible
cardinals. In the case of First Representation Theorem 6.1 we have

THEOREM 6.2 (First Representation Theorem (system version)). Let domain
D be given and let signature ¥ = (R, ..., R,). Then proposition A € Hp 5 is
symmetric over ® and X if and only if quantifier image Qﬁ is a logical type-(ii)
quantifier over ® and X.

Proor. Let A € Hp x. Then there exists strongly inaccessible § with A €
H%’E so that Q7 € Q% (i) by a remark following Definition 5.2 of SPLQ. Then
we can write

A € Symg 5,
<A € Symj

since Sym§ 5, =: Symg 5 N HE 5,

—=Q} € LQG (i)
by Representation Theorem 6.1

=Q} € LQg (i)

since Q7 € Q% () and LQ% () =: LQg (@) N Q% ().
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Note that || < 8 implies LQ% (77) = LQg (@) and CQ% (/) = CQq (7).
It is obvious that QMA1:4»] and QI*(A1)..7(4)] are identical quasi-unitary
quantifiers for any 7 € Sp.

THEOREM 6.3. Any categorical type-(i) quantifier Q™ is a quasi-unitary type-
(1) quantifier, and vice versa.

PrOOF. For simplicity we assume p = 2. Suppose that Q™ is not quasi-unitary.
If Q™ is unsatisfiable, then it is not categorical, and we are done. So assume that
Q" is satisfiable. It follows that Q7 (A, B) = true for some A € p(®™) and
some B € p(D"?). But, in this context, Q™ not quasi-unitary means one of two
things. The first possibility is that Q7 (w(A),n(B)) = false for some 7 € So,
in which case Q" is not permutation-invariant and hence not categorical. The
second possibility is that, although permutation-invariant, Q™ maps some pair
(A', B') to true despite its not being the case that 7(A) = A’ and n(B) = B’ for
any m € Sp. In this second case, Q" is not “minimal” in the relevant sense and
hence not categorical: there exists logical Q™ satisfiable with Q" < Q.

For the other direction, suppose that Q" is quasi-unitary Q4# for fixed A €
p(D™) and B € p(D"2). Assume, for the sake of contradiction, that satisfiable
Q" is logical with Q" < Q7. Tt follows that there exist A’ € p(®™) and
B' € p(D™) such that Q7(A’, B') = false while Q7(A’, B') = true so that
m(A) = A" and 7(B) = B’ for some 7 € Sp. Next, let A* and B* be arbitrary
elements of p(D™) and p(D"2), respectively. Now either Q7(A*, B*) = true or
Q7 (A*, B*) = false. If the latter, then Q7 (A*, B*) = false also since Q™ < Q™.
If the former, then, for some 7* € Sg, we have 7*(A) = A* and n*(B) = B*.
It follows that A* = 7*(7~1(4’)) and B* = 7*(7*(B'")). So Q%(A', B') = false
together with invariance implies that Q7 (A*, B*) = false. But A* and B* were
arbitrary, which contradicts Q7 satisfiable. -

THEOREM 6.4. Where |[D| = 1, quantifier Q" is a categorical quantifier over
D just in case it is a unitary quantifier over .

ProOF. If Q7 is unitary, then it is satisfiable and Q™ < Q™ implies Q" =
false™. For the other direction, by assumption, there are no nontrivial domain
permutations. Consequently, any quantifier whatever is permutation-invariant
and hence logical so that any Q" < Q" with Q7 categorical must be unsatisfiable,
which means that Q™ is unitary in fact. -

We justify the remark following Definition 6.6 of SPLQ.

THEOREM 6.5. Quantifier Q" € Qo (71) € CQq () if and only if Q™ is satisfi-
able and Q™ € LQ4 (i) and any satisfiable Q" e LQg (7T) with Q" < Q" is such
that Q™ = Q™ in fact.

PRrOOF. Let Q" € CQq (/). By Definition 6.6 of SPLQ we have that Q7 is
both satisfiable and logical. Suppose, for the sake of contradiction, that there
exists satisfiable logical Q7 with Q™ < Q. By Definition 6.6 again we have that
Q7 is nonlogical, which is a contradiction.

For the other direction, suppose that Q" is satisfiable and logical but not in
CQp (7). It follows that there exists satisfiable logical Q" < Q", and we are
done. -
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The logic version of Theorem 6.5 splits into two cases.

THEOREM 6.6. Let |D| < 6. Then Q" € Q% (1) is in CQY
if Q™ is satisfiable and Q" € LQL () and any satisfiable Q"
Q™ < Q" is such that Q™ = Q" in fact.

PROOF. et Q € CQ () = CQq (1) N O (1) C CQy (). By Theorem 6.5
we have that Q7 is satisfiable and Q" € LQQ( ). So Q" € LQg (i) N QL (77) =
LQQ( 7). Suppose that Q7 € LQQ(") is satisfiable with Q7 < Q7. Then, by
Theorem 6.5 again, Q™ € LQg (7)) so that Q" = Q"

For the other direction, note first that |D| < € implies that (1) |p(D"!) x...x
p(®")| < § and (2) 1;:1 |D7¢| < §. Suppose that Q" € LQ% (i7) \ CQ% () is
satisfiable. Then Q" ¢ CQq (i) since Q™ € Q% (i) by assumption. (Recall that
CQ@( i) =: CQqp (i) N Q% (7).) So there exists satisfiable Q7 € LQg () with
Q" < Q™. We show that Q™ € Q& (i) so that Q" € LQY (7).

Note that Q" is expressible as

Y | A mta A eErta

Q% (M) f and only
€ LQY () with

Q" (Ar,... ,Ap)=true " {(ai,...,an, YEA, (ai,...,0n, )¢ AL
A1, 300, A15000 500y,
A H I N
(a1,e 500, )EA, (81,0000, Y EAp

and is hence in H% y. (By (1) the disjuncts here number fewer than 6, and by
(2) each disjunction comprises fewer than 6 conjuncts.) =

THEOREM 6.7. Let |D| > 0. Then CQ% () = 0.

PROOF. Suppose for the sake of contradiction that Q" € CQL(7) with |D] >
6. Then Q7 € CQq (@) NLQ% (7). Since false”™, true ¢ CQq (), it follows that
Q" is contingent. By Theorem 6.13 we have |D| < 6, which is a contradiction.

THEOREM 6.8 (Theorem 6.7 of SPLQ). Suppose that Q" is a categorical quan-

tifier and that Q" is a logical quantifier. Then either Q™ and Q" are inconsistent
or Q" < Q" (cf. Theorem 4.7 of SPLQ).

PRrOOF. Fixed-domain quantifier Q7 A Q" is logical since both Q™ and Q"
are. So suppose that Q™ A Q™ # false™. Further, suppose, for the sake of proving
a contradiction, that Q™ £ Q™. Then satisfiable Q7 A Q™ is a logical quantifier
satisfying Q7 A Q" < Q" which contradicts Q" categorical. We conclude that
Q" A Q" # false™ implies Q7 < Q7. .
THEOREM 6.9 (essentially Theorem 6.9 of SPLQ). Let domain ® be given with
D] > 1.
1. Suppose that Q™ and Q" are categorical quantifiers over ® and ¥ with Q" #
Q™. Then we have that ~Q™ and Q™ Y Q" are logical but not categorical,
and similarly for unsatisfiable Q™ A Q.

2. Suppose that {Q7} o<~ with y < 8 is a family of categorical quantifiers over
D at least two of which are distinct. Then both Y {Q7} o<~ and unsatisfiable
€MQ7 Y o<, are logical quantifiers over ® that are not categorical.
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Proor. For simplicity of exposition we assume p = 2. Suppose that Q" and
Q" are distinct categorical quantifiers over . Since both are logical, so is their
join. Since Q™, Q™ < Q™ Y Q", the latter is not categorical. (The proof that
Y{Q7}a<~ is logical but not categorical is essentially the same.)

Since Q™ and Q™ are both categorical and hence quasi-unitary, we can write
QB! for the former and QI4F! for the latter with A, A € p(®™) and B, B €
©(®D"2). Further, that Q7 # Q™ implies that for no 7 € Sp do we have both
7(A) = A and 7(B) = B. By elementary reasoning regarding permutations,
it follows that Q™ A Q" is unsatisfiable and hence logical but not categorical.
(Again, the demonstration that A{Q7},, is logical but not categorical is not
different.)

In the minimal case such that |D| = 2 and ny = ny = 1 there are already ten
satisfiable quasi-unitary quantifiers over ®. If Q™ is one of them, then ~Q7" is
the join of the remaining nine and is hence logical but not categorical by the
foregoing. =

LEMMA 6.10 (Lemma 6.10 of SPLQ). Let domain © be given. Then any per-
mutation-invariant subset of P(D™) x ... X p(D") is the (disjoint) union of
minimal invariant subsets of P(D™) X ... X p(D"»).

PROOF. If permutation-invariant € C p(D")X...x p(D"") is empty, then the
result is obvious. So suppose that ) # € C p(D™) x...x (D"?) is permutation-
invariant under the action of Sp. In that case, So induces an equivalence relation
on p(M™) x ... x p(®") given by (A1,...Ap) ~ (B1,...,Bp) <=qer. I7 €
So(m(A1) = BiA...Aw(A4,) = By). Equivalence classes [(41, ..., Ap)]~ are all
minimal invariant, and € is their union. -

As an immediate consequence of Lemma 6.10 we have

THEOREM 6.11 (essentially Theorem 6.11 of SPLQ). Let domain © be given.
Then every logical quantifier Q7 is the join of a (possibly empty) set of categorical
type-(i)y quantifiers.

PROOF. If Q" is unsatisfiable, then it is Y ). So assume that Q7 is satisfiable.
So € =: {{A1,...,4,) € p(®™) x ... x p(®D") | Q*(A4,...,A,) = true} is
nonempty and permutation-invariant. We have by Lemma 6.10 that € is the
disjoint union of a family {€s}a<, of minimal invariant subsets of p(D™) x
... X p(®"). Moreover, by Theorem 6.3, each member €, of this family is
{(A1,...,A)) € p(®™) x ... x p(®™) | QF(A4,...,A,) = true} for some
quasi-unitary and hence categorical quantifier Q7. So Q™ is Y, _ , QL. =

We justify the remark immediately preceding Representation Theorem 6.12 of
SPLQ. Suppose that X C LQ% (77) with |X| < 6. Since LQS (i) C LQg (i), we
have that Y %, A\ K € LQg (1) by Theorem 6.3 of SPLQ. But LQ% () C Q% (77)
as well. Moreover, by the definition of Q% (i7) we have that Y X, A\ X € Q% (7).
It follows that Y X, A K € LQ% () = LQg (i) N Q% (), which means that
<LQ% (), Y, A, ~,fa|seﬁ,trueﬁ> is a f-complete subalgebra of Boolean algebra
(Q% (1), Y, A, ~, false™, true™).

Assume that |D| < . By definition any Q" € CQ% (77) is a satisfiable mem-
ber of LQ% (i) and such that any satisfiable quantifier Q7 < Q" is nonlogical
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and hence not in LQ% (7). This is to say that Q" is an atom of subalgebra
<LQ% (ﬁ),Y,A,N,falseﬁ,trueﬁ>. That this subalgebra is atomic then follows
from the proof of Theorem 6.11, wherein it is clear that if Q7 is satisfiable then
Q™ is Y X for some nonempty X C CQL (). (We have Q™ < Q" for each
Q" € K.)

On the other hand, if |D| > 6, then, as is shown below, LQZ (77) contains
no contingent quantifiers. Subalgebra (LQ%(7), Y, A, ~, false”, true™) is hence
trivial.

The logic version of Representation Theorem 6.12 presented in SPLQ has a
system version as consequence.

THEOREM 6.12 (Second Representation Theorem (system version)). Suppose
given domain ® and signature ¥ = (Ry,... ,R,). Then any Q" € CQg (i) is
the quantifier image Qﬁ of some A € Catgp 5.

PROOF. Suppose Q7 € CQq (7). By the remark following Definition 5.1 of
SPLQ there exists strongly inaccessible § such that Q™ € Q% (7). It follows by
Representation Theorem 6.12 of SPLQ that Q" € CQ% (1) = CQq () N Q& ()
is the quantifier image Q7 of some A € Cat%’z C Catyp x. =

Representation Theorems 6.12 and 6.13 of SPLQ both make use of the follow-
ing result.

THEOREM 6.13. If any member of LQ% () is contingent, then |D| < 6.

The reader should note the analogy with Theorem 4.18. Next, on analogy with
Theorem 4.13 and recalling Definition 5.2, we have

THEOREM 6.14. Let Q7 € Qo(ii). Suppose Q7(A,...,A,) = true, where
Ay € p(@™) for all 1 < £ < p. Consider Bi,...,B, with By € p(D") for
all 1 < £ < p. Suppose that, for all a € ® and all 1 < ¢ < p, we have that
a € Ay @ By implies a ¢ Constit(Q™). Then Q" (By,...,B,) = true.

Theorem 6.13 now follows and has as consequence that if || > 8 then CQ% () =
0 and LQY (77) = {false”, true”}.

The logic version of Representation Theorem 6.13 presented in SPLQ has the
following system version as consequence.

THEOREM 6.15 (Third Representation Theorem (system version)). Suppose
given domain ® and signature X. Then any Q" € LQy (i1) is the quantifier image
Q7 of some A € Symg 5.

PROOF. Suppose Q7 € LQg (7). By the remark following Definition 5.1 of
SPLQ there exists strongly inaccessible § such that Q7 € Q% (7). It follows by
Representation Theorem 6.13 of SPLQ that Q7 € LQ% () = LQy (i) N Q& ()
is the quantifier image Q" of some A € Sym%x C Symg x- =

6.1. Concerning an earlier error now corrected. In an earlier version
of SPLQ a certain footnote read as follows.

By extension, Mostowski’s (limited) generalized quantifiers are all of
type (ni, ... ,np) with ny = ... =n, (see [9], Chapter 2). It is easy to
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extend this idea, however. For simplicity, we consider the case p = 2
with ny = 1 and ny = 2 only. Let T : {{vy,v0,v3,v4) | V1 + V2 + 3 +
vy = |D?|} + {false, true}. Then we say that Q> : p(D') x p(D?) >
{false, true} is a generalized quantifier over ® in the extended sense,
where, for any A C ©' and any B C D2, we have that Q> (A, B) =
T(|(4 x D) N B|, [(A x D)\ B,|B\ (4 x D)|,[9?\ (4 x D) UB)).
In the body of the paper we stated that our notion of logical quantifier coincides
with this notion of “generalized quantifier in the extended sense.” This is wrong,
as can be seen by reflection on categorical proposition Az at the end of §1 of
[10]. (That proposition expresses the fact that dyadic relation R linearly orders
domain D.)
Justification for the erroneous equivalence took the form of Theorem 6.16,
which in turn relied upon likewise erroneous Lemma 6.17. For simplicity we
considered type-(1,2) quantifiers only.

THEOREM 6.16 (erroneous). Quantifier Q%% € LQg(1,2) if and only if Q1? =
Qy” for some T : {(v1,va,v3,v4) | 11 + s + v3 + v4 = |D?]} > {false, true}.
Proor. For the one direction, suppose that Q%2 = IT’Z. Then, for any
ACD,any BC D2, and any 7 € Sp, we can write
Q"?(A, B) = true

ST(|(A % D) Bl (4 x D)\ B|,[B\ (4 x D), [9° \ (4 x D) UB)]) = true
since Q1?2 = Qr”

= T(|(r(4) x D) Nx(B)], [((4) x D) \ =(B)],
Im(B) \ ((4) x D)], |92\ ((x(4) x D) Un(B))]) = true

since any domain permutation preserves cardinalities

—=Qy*(r(A), 7(B)) = true
—Q"*(r(A),7(B)) = true

since Qr° = Q2.

For the other direction, suppose that Q'? € LQg(1,2). By Theorem 6.11
we have that Q2 is Y J for some J C CQg(1,2). But each member of J is a
quasi-unitary quantifier and hence a generalized quantifier in the extended sense
by Lemma 6.17. So Q%2 is a join of generalized quantifiers in the extended
sense. Finally, any join of a set of extended quantifiers in the extended sense is
a generalized quantifier in the extended sense, and we are done. -

The problem rests with the proof of

LEMMA 6.17 (erroneous). Any quasi-unitary type-(1,2) quantifier is a type-
(1,2) generalized quantifier in the extended sense.
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PROOF. Suppose that Q'? is quasi-unitary. Then there exist 4; C ® and
Ay C D% with Q12 = Q41421 We define
K1 =def. [(A1 X D) N Ay
K2 =def. [(A1 X D)\ Az
K3 =def. |42 \ (A1 x D)
K4 =def. |©2 \ ((Al X @) U A2)|
Further, let T : {{v1,v2,v3,v4) | 1 + 12 + v3 + v4 = |D?} — {false, true}
be defined by T(vi,v2,v3,v4) = true <=ger. 1 = k1 and vo = Ko and v3 =
ks and v4 = k4. For arbitrary B; C ® and arbitrary By C ®2 we have
Q"*(By, By) = true
<= By =w(A;) and By = 7(Ay) for some 7 € Sp

since Q12 is Q[41-42] by assumption

<= B x®D =7(A1) xD and By = w(As) for some 7 € Sp
<B; x®D =7n(A;) x 7(D) and By = w(A,) for some 7 € Sp

since any permutation fixes © setwise
<=B; x® =7n(A; x D) and By = w(A,) for some 7 € Sp
since w({a, b)) = (w(a),n(b)) for any a € A; and any b € ©

<= (B; x®)N By = (41 xD)N7(Ay) and
(B1 x D)\ By = m(A1 x D)\ 7(A43) and
By \ (By x D) = m(4y) \ 7(4; x D) and
D2\ ((By x D) U By) =D\ (1(4; x D) Un(Ay))
<|(B1 x D) N Bs| = |n(A; x D) N7w(Az)| and
[(B1 x D)\ Ba| = |7(A1 x D) \ m(A2)| and
1B\ (By x D)| = |7(4y) \ 7(4; x D)| and
D2\ ((Bi x D) U By)| = [D%\ (1(4; x D) Um(4y))|

Error: only the forward direction holds here since from the fact that
two sets have the same cardinality one cannot infer that they are
identical.

<:>|(Bl X @) ﬂBQ| = |(A1 X @) ﬂA2| and
|(B1 X @) \B2| = |(A1 X @) \A2| and
|B2 \ (B1 X ©)| = |A2 \ (A1 X ©)| and
D%\ ((B1 x D) U By)| = 9%\ (A1 x D) U A1)
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since any permutation preserves cardinalities

<= |(B1 x®) N Bs| = k1 and |(By x D) \ Ba| = k2 and

|B> \ (By x )| = k3 and |D?\ ((B1 x D) U By)| = k4
—=T(|(B1 x®) N Bs|,|(B1 x D)\ By,

|Bs \ (B; x D)], D%\ ((B; x ®) U By)|) = true
<=Qy*(By, Bs) = true

by the definition of QlTZQ.

_|

Our confusion was the result of linking Mostowski’s ideas too closely with the
notion of cardinality. Generally, logical quantifiers in our sense (and that of
Lindstré6m) concern not cardinality but, rather, structure. The value of this
discussion seems to be the following. Mostowski considered only (unary) pred-
icative quantifiers, by which we mean those of type (1). In that restricted setting,
structure coincides with cardinality. One can extend Mostowski’s discussion to
relational quantifiers in either of two ways. One way to do this, emphasizing
cardinality, was described in the footnote quoted above. That approach yields
but a proper subset of logical quantifiers as defined in Definition 6.1 of SPLQ.
(Our linear-ordering quantifier is not in that subset.) Usually Mostowski’s no-
tion of limited generalized quantifier is extended in the manner of Lindstrom’s
[5], in which case the extended notion of generalized quantifier coincides with
our notion of logical quantifier over fixed domain.

6.2. Classes versus sets. It is true that, whatever the cardinality of domain
D, the cardinality of Qg (1) is strictly less than the class of all ordinals. But the
ordinals do not play the role in the definition of quantifier algebras that they
play in the definition of Zermelo systems and Zermelo logics (cf. §4.2). Rather,
Qg (1) itself serves as the universe in the former context. In light of this we say
that Qo (/@) is a class. The atoms of algebra (LQg (@), Y, A,~, false™, true”) are
quasi-unitary (or categorical) quantifiers as described following Definition 6.6
of SPLQ. Each member of LQ4(77) C Qp (i) is the join of a (possibly empty)
subset of the collection of atoms. It follows by Cantor’s Theorem that the atoms
constitute a set. That is, CQg(7) is a set.

As for LQg (7)), we reason as follows. First, the cardinality of Qo () is

Jr = 2l
The question is now, How many of the v* quantifiers in Qg (77) are permutation-
invariant? Writing «* for that number, we then ask, Is * < v*? If so, then
LQg (M) is a set. On the other hand, if x* = v*, then LQ4g(7@) is a class. We
have three cases to consider:

1. If |®| =1 then LQg (7)) = Qo (7)) is a class.



SUPPLEMENT 27

2. If © is finite and contains at least two elements, then «* finite is strictly
less than v* finite. (At least one member of Qg (f) is not permutation-
invariant.) So LQg(7) is a set.

3. If D] = N,, then v* = R,;5. We exploit the relation with Mostowski’s
cardinality quantifiers. It is sufficient to consider type-(1,1) cardinality
quantifiers. By footnote 1 of SPLQ we need only count cardinal quadruples
(v1, V9, v3,vy) satisfying vy + vo + v3 + v4 = |D]. There are three cases to
consider:

a. If a =0, then |CQ®<1, 1>| =4- (No + 1) . (NO + 1) . (NO + 1) = Ng. So
ILQo(1,1)] = Ry. Since v* = Ry, we see that LQg(1,1) is a set.

b. If a = B+1, then [CQo (1, 1)| =4 - ((@+1)+Ng) - ((@+1)+No) - ((@+
1) + Rg) < Ry So |LQp(1,1)] < Ray1. Since v* = R,y0, we see that
LQo(1,1) is a set.

c. If a is a limit, then |[CQp(1,1)] =4 - (
((@+1) +Ro) < Ra. S0 [LQp(1, 1)
that LQg(1,1) is a set.

(@4 1)+ Ro) - ((@+1) +Rg) -
< Ng41. Since v* = Ny40, we see
Turning to Q% (7)), it seems reasonable to let that collection now play the role
of universe. If |D| < 6, the atoms of algebra (LQ% (), Y, A, ~, false”, true”) are
quasi-unitary (or categorical) quantifiers as described following Definition 6.6
of SPLQ. Each member of LQ% () C Q% (i) is the join of a (possibly empty)
subset of the collection of atoms. It follows by Cantor’s Theorem that the atoms
constitute a set. That is, CQ% (7y is a set. If |D| > 6, then CQ%(ﬁ) = () is a set.
As for LQ% (i), we have three cases to consider:

L. If |D| = 1, then LQ% () = Q% (7) is a class.

2. If D is finite and contains at least two elements, then both LQ% (7@) and
Q% (i) are finite, and at least one member of the latter is not permutation-
invariant. So LQg (i) is a set.

3. If ® is infinite with |D| < 6, then there are three cases to consider. We can
reason as before, and LQg () is a set. If |D] > 6, then LQ% (ii) = Q% () =

{false™, true}. Hence LQY (i) is a class.

In summary, since in the cases to which we give precedence both CQg (7)
(CQ% (7)) and LQY (7)) (LQ% (7)) are sets, we shall say generally that they are
sets.

§7. Concluding philosophical remarks. We give two more examples along
the lines of footnote 3 of SPLQ. Negation is the quantifier image NH1<> € 9% (0)
of symmetric =R... € 9{%’2 having model set {(0)} C T%. (Our writing R...

O

is intended to suggest R zero-adic.) Frege’s assertion, on the other hand, is Hy’,
which is the quantifier image of symmetric R... € H%, y, having model set {(1)}.

Regarding the parenthetical remark at the end of the penultimate paragraph,
it might be countered that Zermelo’s two examples reveal nothing regarding his
intentions since they are merely the simplest symmetric propositions available.
However, that is not really true: tautology RaV —-Ra and contradiction RaA—-Ra
are arguably simpler but are not mentioned by Zermelo. What he has provided
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are the simplest examples that he regards as characteristic of the notion of
symmetric proposition.
We justify a claim in footnote 4 of SPLQ.

THEOREM 7.1. Let domain ® be given and let 6 be any strongly inaccessible
cardinal with § > |D|. Then €(U1):r) C (D) x ... x p(DI*) is logical in
Tarski’s sense just in case €\(1)x(01)) g5 [QI1>+-0x] 71 (true) for some QI Ik €
LQo 1 ).

PROOF. Suppose that €((1):0k) C (D) x. .. x p(D'*). We define Q71+
by writing
QT (D) x .. x p(DI*) s {true, false}
Qi Ay, .. Ay = J e I i) € U 00
false otherwise.
Since || < 6 by hypothesis, it follows that |€((71)s(K))]| < |o(DI1) x ... x
p(DI*)| < 6 also. So Q71+ +J* is the join of fewer than @ unitary type-(ji,... ,jr)
quantifiers, one for each member of ¢((71):-+k))  Since all such quantifiers are
in Q% (ji,...,jx) by the remark following Theorem 5.1, we have that Q71+ :J
is itself in Q% (ji,... ,jx) by #-closure. Now we can write

@((sedn)) jg logical in Tarski’s sense

<=for any 7 € Sp and any A, C D7, ... A, C D,
(A,..., Ay) € €G)Gu)) implies (m(Ay), ... ,7(Ay)) € €@1):(r))
«=for any 7 € Sp and any A; C D7, ..., A, C D,

QIR (A, ..., Ag) = true implies Q7' Ik (w(Ay),... ,m(Ax)) = true
QI € LQS iy ey dk)

since Q71 k€ Q% (j1, ..., Jjk) is permutation-invariant and hence logical.

Moreover, for all A € p(D1),..., Ay € p(DI*), we have
<A1’ L. ;Ak> c @ ()55 (Gr))
= QI (Ay, L., Ay) = true
(A, .., Ag) € (@I ] (true)
_|

Terms of type 07 in Tarski’s sense are mentioned in footnote 4 of SPLQ, but
no attempt is made to spell out their relation to anything in Zermelo. Now it
can be seen that each logical term of type 0/ over fixed domain ® corresponds to
a symmetric proposition over arbitrary nonempty ® with |D| > j and arbitrary
signature ¥ having at least one j-adic member. This is indicated in Tables 1-3
for cases j = 0,1,2, where, for simplicity only, we assume that ® = {a,b} and
that ¥ is a unit signature. Note that, if ¢ is a logical term of type 0/ in the
left column of Table j and .A; is the corresponding symmetric proposition in the



SUPPLEMENT 29

TABLE 1. Logical terms of type 0°

Corresponding symmetric proposition where
Logical term | © = {a,b} and ¥ = (R) with R zero-adic

{()} R...
0 -R...

TABLE 2. Logical terms of type 0

Corresponding symmetric proposition where
Logical term | D = {a,b} and ¥ = (R) with R monadic
{{a), (b)} Ra A Rb
0 -Ra A —~Rb

TABLE 3. Logical terms of type 02

Corresponding symmetric proposition where
Logical term D = {a,b} and ¥ = (R) with R dyadic
{{a,a),{a,b), (b,a), (b, b)} aRa N aRb A bRa A bRb
0 —aRa A —aRb A ~bRa A —~bRb
{{a,a),{b,b)} aRa A —aRb A —bRa A bRb
{{a,b),{b,a)} —aRa A aRb A bRa A —bRb

right column, then t = BN®D7, where B is the unique member of p(D7) such that
fqt((B)) = true with unary qut € LQ%(j) by Representation Theorem 6.5 of
SPLQ.

What is now called the Tarski—Sher thesis is the claim that logical terms tout
court are those invariant under isomorphisms. Tarski’s proposal is then the
weaker claim that logical terms over a fixed domain are those invariant under
domain permutations—weaker because Tarski—Sher implies Tarski but not vice
versa. Despite this, or just because of this, arguments contra Tarski will surely
be of interest even to those who believe Tarski-Sher: any evidence against the
former also counts against the latter. The last paragraph of SPLQ presents an
argument pro Tarski. To the extent that this argument increases our confidence
that Tarski is not false, it would seem to also increase, albeit to a lesser degree,
our confidence that the stronger Tarski—Sher is not false. The general point is
that arguments for and against the weaker claim should yet be of interest to
those whose focus is the stronger claim.

Regarding our Confluence of Ideas Argument for Tarski’s proposal to the ef-
fect that logical terms over a fixed domain be identified with those invariant
under domain permutations, we mention the possibility of Tarski’s having di-
rectly influenced Zermelo. The latter’s [13], containing the first description of
his theory of symmetric propositions, was published in 1931. Just two years
earlier Zermelo spent a few weeks at the University of Warsaw, where he gave a
series of nine lectures. We do not know how much contact he had with the young
Tarski—probably little. But we know from Zermelo’s correspondence that the
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two did meet after one of Zermelo’s talks and that Zermelo was impressed. Even
if there was no direct influence, it is likely that domain permutations were in
the air in Warsaw during 1929 and that Zermelo’s thinking was affected. What
evidence we have indicates that Zermelo’s own Warsaw lectures did not mention
domain permutations (see [12]). So this is probably not an idea he brought to
Warsaw. But even if Zermelo was influenced directly or indirectly by Tarski or
even if they were both influenced by someone else, the cited confluence should
yet be of some interest. After all, Tarski’s focus is the finitary formal languages
derivable from Principia whereas Zermelo’s hierarchies are nonlinguistic systems
of propositions of infinite length wherein strongly inaccessible cardinals play a
special role. Nonetheless, our Isomorphism Theorem shows that their ideas re-
garding the logical turn out to coincide.
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